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Abstract

Given an expanding Markov map T : [0,1] — [0, 1] which admits an absolutely
continuous invariant probability measure, we say that T gives rise to a dimension
gap if there exists some ¢ > 0 for which sup, dim pp <1 — ¢, where pp denotes the
Bernoulli measure associated to the probability vector p. We prove that under a
‘non-linearity condition’ on 7', there is a dimension gap.

Our approach differs considerably to the approach of Kifer, Peres and Weiss
in [KPW], who proved a similar result. The first part of our proof involves obtaining
uniform lower estimates on the asymptotic variance of a class of potentials. Tools
from the thermodynamic formalism of the countable shift play a key role in this part
of the proof. The second part of our proof revolves around a ‘mass redistribution’
technique.

We also study a class of ‘Kéenméki measures’ which are supported on self-
affine sets generated by a finite collection of diagonal and anti-diagonal matrices
acting on the plane. We prove that such a measure is exact-dimensional and that
its dimension satisfies a Ledrappier-Young formula. This is similar to the recent
results of Bardny and Kéenmaéki [BK], who proved an analogous result for quasi-
Bernoulli measures. While the measures we consider are not quasi-Bernoulli, which
takes us out of the scope of [BK], we show that the measures can be written in terms
of two quasi-Bernoulli measures on an associated subshift and use this to prove the

result.

vi



Chapter 1

Introduction

In this thesis we study the dimension of measures which appear in various dynamical
settings. A common property of all the measures that are studied is that each one can
be realised as the ‘projection’ of some measure which is defined on a symbolic space.
Therefore, symbolic dynamics serves as an important model throughout the thesis.
Chapters 3-5 are concerned with a ‘dimension gap’ problem for countable branch
expanding maps of the interval. In chapter 6 we prove the exact-dimensionality of a
measure which is supported on a ‘self-affine set’, and investigate its underlying struc-
ture. Paramount to this thesis is the use of tools from thermodynamic formalism to
study the dimension of our measures.

In Chapter 2 we provide some preliminaries for the thesis. We begin by
presenting some fundamental notions and results from ergodic theory, dynamical
systems, measure theory and dimension theory. Next we introduce the notion of an
iterated function system, which is an important tool for constructing fractal sets.
In particular, we direct our attention to self-affine sets, which are one such class
of fractal set which can be produced using this construction. The final part of our
preliminaries is dedicated to the thermodynamic formalism of the shift map in three
different settings: Holder continuous potentials on the finite shift space, sub-additive
potentials on the finite shift space and locally Holder potentials on the countable
shift space. The tools which are provided by thermodynamic formalism will be
fundamental to the thesis, both to verify the existence of objects which we wish
to study (such as Gibbs measures) and also to translate problems which appear in
dynamics to the language of thermodynamic formalism, at which point we can then
apply the extensive machinery which has been built up throughout the literature
over the last fifty years. Varying amounts of detail are given within each account of

the thermodynamic formalism, which reflects the depth of the theory that will be



required from each setting.

In Chapters 3-5 we consider a ‘dimension gap’ problem, which forms the
bulk of this thesis. Let T : [0,1] — [0,1] be an expanding Markov map. Under
some regularity conditions, it is known that 7" has a unique absolutely continuous
invariant probability measure pur. Under these conditions, we say that T gives rise

to a dimension gap if for some ¢ > 0

supdim pup <1 —c¢ (1.1)
peP
where P denotes the simplex of all probability vectors, pp denotes the Bernoulli
measure for the probability vector p € P (which has been projected to the real line
in the usual way) and dim denotes Hausdorff dimension. Therefore ‘dimension gap’
is meant in the sense that there does not exist a Bernoulli measure of dimension
greater than 1 — ¢, where we notice that 1 is the dimension of prp.

We are interested in understanding the underlying geometric cause of the di-
mension gap. It is easy to show that in the case where T' has finitely many branches,
T has a dimension gap if and only if the absolutely continuous measure is not a
Bernoulli measure. We are primarily interested in the countable branch analogue of
this problem, where the facts that the dimension function is not necessarily upper
semi-continuous and the set of Bernoulli measures is not compact pose difficulties
which are not encountered in the finite branch case. It was shown by Kifer, Peres
and Weiss [KPW] in 2001 that under some regularity conditions on 7', (1.1) holds if
and only if pr is not Bernoulli, where ¢ is a constant which can be made explicit as
long as the absolutely continuous measure pr is known. In particular, they showed
that for the Gauss map G(z) = 1 mod 1,

sup dim pp <1 — 107",

peP
Their proof relies on calculating the dimension of the set of points which see an
exceptionally large deviation for the frequency of a certain word appearing in the
symbolic coding of the point from the one prescribed by the absolutely continuous
measure pr. The constant ¢ then depends on how much weight pr assigns the
cylinder corresponding to this word.

In Theorem 3.3.1, we prove that (1.1) holds if our map T satisfies a ‘non-

linearity condition’, and in our case ¢ depends on the the derivative of T at four
periodic points, so the absolutely continuous measure need not be known for the

calculation of explicit bounds on the ‘gap’ ¢. However, even though in principle ¢



can be estimated by using our approach, for the Gauss map this yields a particularly
poor estimate of the gap (compared to the estimate of 10~7 found in [KPW]) and for
this reason we do not include explicit estimates on c¢. The ‘non-linearity condition’
that we impose on our map turns out to be stronger than the analogous condition in
[KPW], since we demand some non-linearity in the first two branches. This lack of
generality is a byproduct of tools used in the proofs contained in Chapter 5. If one
could get around these technical difficulties, we could obtain an equivalent result to
[KPW].

While Theorem 3.3.1 and the analogous result in [KPW] are comparable,
the proofs are completely different. We propose a new approach for proving this
type of result which is largely based on ideas from thermodynamic formalism. Our
approach offers some new techniques and an interesting link between dimension gaps
and lower bounds on the (asymptotic) variance of certain potentials. We will now
summarise the contents of chapters 3-5 in more detail.

Chapter 3 is dedicated to introducing the dimension gap problem for count-
able branch Markov maps and any tools and notation that will be required. We
begin by discussing the finite branch analogue of this problem, which is markedly
simpler to analyse but provides important intuition for the general setting. We then
introduce the class of maps which we will be working with and provide some his-
torical motivation, some important examples of such maps and their key properties.
Next, we outline results due to Walters [W] and Kifer, Peres and Weiss [KPW] which
are important milestones in the story of the problem. This is followed by a state-
ment of our main result Theorem 3.3.1, along with a discussion of the conditions
that are imposed and a comparison with the analogous result from [KPW]. The
final part of this chapter lays out a description of the structure of the proof, which
is separated into two distinct and independent parts, tackled in Chapters 4 and 5
respectively. Roughly speaking, the first part deals with the dimension of Bernoulli
measures which assign some uniform amount of mass on the first two cylinders,
while the second part considers measures where mass is concentrated in the tail.

In Chapter 4 we obtain a uniform upper bound on the dimension of Bernoulli
measures which assign a uniform amount of mass on the first two cylinders. More

precisely, we show that for each € > 0 there exists some constant G, for which

sup dim pp <1 - G.
pEPe

where P. can (for now) be thought of as the set {p € P : p1,p2 > €}. In order to

obtain this bound, we relate the dimension of such a measure u, to the derivative



of the function fp, : [0,1] — [0, 1] at the point ¢t = 1, where S, is defined implicitly

via the equation

P(—Bp(t)log|T"| + tfp) = 0. (1.2)

In (1.2) fp denotes the locally constant potential which when evaluated at the nth
interval of monotonicity yields log p, provided that p, > 0, and 0 otherwise. P
denotes the topological pressure. This reduces the problem to studying the convexity
of fBp. In particular, once we evaluate the derivatives of 3, we see that the second

derivative of fp is given in terms of the variance

O’ip’t (fp,t)

of a potential fp; for an appropriate Gibbs measure pp ;. Thus the heart of the
problem is finding a lower bound on azw( fp,t) which is uniform for p € P, and ¢
in some compact interval. While it has been known for a long time that the vari-
ance plays an important role in several areas of dynamics, for instance appearing
in many statistical properties of dynamical systems such as the central limit theo-
rem, much less is known about estimates on the variance. By exploiting different
characterisations of the variance it is generally easy to obtain upper bounds on the
variance, but lower bounds have not previously been considered. The remainder of
this chapter is dedicated to the description and execution of a method for obtaining
a lower bound for the variance. One part of this method allows us to draw on tools
from Hilbert-Birkhoff cone theory, which is discussed more thoroughly in Appendix
A.

In Chapter 5 we conduct the second part of the proof, that is, we con-
sider the case where p ¢ P.. Here we exploit the formula dimp = % which (in
our setting) holds for all finite-entropy ergodic measures, where h(-) denotes the
measure-theoretic entropy and x(-) denotes the Lyapunov exponent. Rather than
obtaining a direct upper bound for the dimension of such measures, we construct an
algorithm which associates to each p ¢ P, some p. € P. for which we have uniform
control over the difference in the entropy h(up) — h(pp.). The focus then turns to

controlling the difference in the Lyapunov exponents

i) — x(ip.) = / log |'|dip — / log |T'|djip... (1.3)

It is incredibly difficult to compare the integrals of log|T’| with respect to two

distinct Bernoulli measures, due to the structure of the Bernoulli measure once it



is projected to the real line. To this end, we present an approach which allows us
to write (1.3) instead as the difference of two integrals of distinct functions - but
importantly with respect to the same measure v, which is a Bernoulli measure that
is defined on a ‘larger’ symbolic space. In the case where T is orientation reversing,

this allows us to write

(T2) (f1(1))

where F is an explicit set in the ‘larger’ symbolic space and f; are projections

) = () > [ log\

from this space to R. A similar expression holds whenever 1" preserves orientation.
Importantly, (1.4) lends itself to explicit lower estimates. In fact, we will only need
to use that the integral in (1.4) is non-negative, although we remark that in a recent
joint work with Baker [BJ], better lower bounds on (1.4) were used in order to study
a related problem (of determining the existence of a Bernoulli measure with maximal
dimension amongst the Bernoulli measures). Consequently, combining (1.4) with the
estimate on the difference in entropy, we deduce that there exists some constant FE.

such that for all pairs (p, pe),
dim pp < dim pp, + Fk.

We conclude that for sufficiently small € > 0
supdim pup <1 -G + E: <1 - %
P
completing the proof of Theorem 3.3.1.

Finally, Chapter 6 contains work on a different problem to the last three chap-
ters. Rather than considering invariant measures for expanding maps, we consider
measures which are supported on a self-affine set associated to a particular iterated
function system. In particular, we restrict our attention to a class of self-affine
carpets which was introduced by Fraser in [Frl1], intended to be a generalisation of
the classical ‘orientation preserving’ self-affine carpets which have appeared in the
literature beginning with the work of Bedford and McMullen [Be; Mc]. The goal of
this chapter is to prove the exact-dimensionality of certain Gibbs measures p which

are supported on these self-affine carpets, meaning that the local dimension

iy (08 #(B(z, 1))

1.
r—0 log r (1.5)

exists and is constant p-almost everywhere, and furthermore is given by a ‘Ledrappier-



Young formula’ which is an expression involving the entropy, Lyapunov exponents
and dimension of projections of u. This is the main result, Theorem 6.3.1. The
Gibbs measure p is sometimes known as the Kdenmaki measure, referring to a pa-
per of Kdenmiki [K] where such measures were first considered in this context. p is
a Gibbs measure for a sub-multiplicative potential ¢®, known as the singular value
function, which was introduced in a pioneering paper of Falconer in [F2] where it
was used to evaluate the dimension of ‘typical’ self-affine sets. This interpretation of
¢°® means that a direct consequence of Theorem 6.3.1 is the existence of an ergodic
measure of maximal dimension for some self-affine sets belonging to our class.

The motivation for Theorem 6.3.1 was a recent paper of Bardny and Kaenmaki
[BK], who verified the exact dimensionality of quasi-Bernoulli measures for a very
general class of self-affine sets. However, the multiplicative properties of ¢* com-
bined with the nature of the self-affine carpets we consider (in particular, the fact
that they do not fit into the classical ‘orientation preserving’ setting) means that
in our case the conditions from [BK] are not satisfied and that furthermore our
measure is not quasi-Bernoulli. This latter fact makes exact-dimensionality incred-
ibly difficult to verify, since a proof of this property typically requires obtaining
both upper and lower bounds for the measure u(B(z,r)) which appears in (1.5),
and without a supermultiplicative property this makes it impossible to implement
standard approaches. A solution to this issue emerges from an examination of the
structure of the measure when considered on a ‘larger’ symbolic space. The inter-
pretation of the measure on this ‘larger’ space captures the heart of this chapter and
is both of independent interest as well as forming the backbone of the proofs. In
particular, we show that p can be written in terms of two quasi-Bernoulli measures
on the new symbolic space. This allows us to derive an interesting characterisation
for the Lyapunov exponents and aids us in obtaining the appropriate bounds for the

measure u(B(xz,r)) for a p-typical point, allowing us to prove exact-dimensionality.



Chapter 2

Preliminaries

We begin by introducing some basic notions from dynamical systems and ergodic
theory. Let the triple (X, B, u) denote the space X equipped with a o-algebra B
of measurable subsets of X and a probability measure pu. Let T : X — X be a
transformation. Then we say that (7, X) is a dynamical system. Given a point
r € X we say that {z,Tx,T?z,...} is the orbit of z under T. For a subset A C X
denote T7Y(A) = {x € X : T(x) € A}. We say that T is measurable if for all
A€ B, T71(A) € B. We say that T is measure preserving if u(T~1(A)) = u(A) for
all A € B, and in this case we may also say that p is T-invariant (or just invariant,
whenever the choice of map is clear). We’ll denote the set of all T-invariant measures
by Mrp(X).

We say that T is ergodic if for any A € B which satisfies T7!(A) = A then
either ;u(A) = 0 or u(A) = 1. Although T can have many ergodic measures, distinct
ergodic measures p1 and ps are mutually singular, meaning that there exists A € B
for which p1(A) = p2(X \ A) = 1. Given an ergodic transformation, we can deduce
various statistical properties of T. The most well-known of these is the Birkhoff
ergodic theorem, which connects the average of a potential f along the orbit of a

u-typical point with the space average of f.

Theorem 2.0.1 (Birkhoff Ergodic Theorem). Let T : (X, B,u) — (X, B, 1) be an
ergodic measure preserving transformation such that u(X) = 1. Let f € L'(u).
Then

for u almost every x € X.
We denote S, f(x) = Zz;é f(T*(x)) and call this a Birkhoff sum and we call
18, f(z) =1 Zz;é f(T*(x)) a Birkhoff average. Notice that if we define f,(z) =

T n

7



Sp f(x) then the Birkhoff Ergodic Theorem tells one about the existence of the limit
lim,, o0 f"T(x) for the additive sequence f,. The following result, due to Kingsman,
can be viewed as a generalisation of Birkhoff’s ergodic theorem for sub-additive
sequences. This will be useful for guaranteeing the existence of limits of sub-additive

sequences of functions.

Theorem 2.0.2 (Sub-additive Ergodic Theorem). Let T : (X, B, u) — (X, B, u) be
an ergodic measure preserving transformation such that u(X) = 1. Let {f,}nen be
a sub-additive sequence in L'(u), meaning that frym(x) < fo(z) + fm(T"x) for all

x. Then there exists some constant o € R such that

lim 7fn($) =

n—oo N

for u almost every x € X.

The measure-theoretic (or ‘metric’) entropy of a measure preserving transfor-
mation will play a central role throughout the thesis. Let T : (X, B, u) — (X, B, u)
be a measure-preserving transformation of a probability space and « be a finite or
countable partition of X into measurable sets.

The entropy of the partition « is defined as

Hy(a) ==Y p(A)log pu(A).
Aca
For two partitions o and 8 denote oV 3 = {ANB: A€ a,B € #} to be the join
of a and 3. We denote T~'a = {T71A: A € a}. Then we define the entropy of T

with respect to the countable or finite partition o to be

1 n—1 '
h(T, o) = lim —H,, \V Ta
j=0

Finally, the measure-theoretic entropy of T" with respect to p is defined as

hu(T) = sup{h,(T, o)}

where the supremum is taken over all finite or countable partitions « for which
H,(a) < oo.

By a well-known theorem of Kolmogorov and Sinai (e.g. [W2, Theorem
4.1.7)), hy(T) = h, (T, a) for any partition a such that H, (o) < oo and \/;L:_g T o —

B as n — oo. We also have the following important theorem which gives an alterna-



tive characterisation for the entropy when 7T is ergodic (see for instance the remark
below Corollary 4.14.4 in [W2]).

Theorem 2.0.3 (Shannon-McMillan-Breiman Theorem). Let T : (X, B, u) — (X, B, u)
be an ergodic measure-preserving transformation of a probability space and let o be
a finite partition of X. Let B,(x) denote the unique member of \/?:_01 T Ia to which
x belongs. Then
~ tim L log ju(Bu(x)) = h(T, )

n—oo n

for p-almost every x.

2.1 Symbolic Dynamics

In this section we discuss symbolic dynamics, in particular topological Markov shifts
which serve as an important model throughout this thesis. Let A be either a finite
or countable alphabet, and we restrict to the cases where A = {1,...,m} or A=N.
Let A be a matrix with rows and columns indexed by the digits of A, where for
each pair 4, j the entry A; ; = 0 or 1. We say that A is aperiodic if there exists some

n > 1 such that all the entries of A™ are positive. Define

Sa={i=(in)pz € AV 4, =1}

and o : ¥4 — X4 to be given by 0((in)02 1) = (int1)5>,. We call (¥4,0) a one-
sided subshift of finite type. When the matrix A has entries all equal to 1 we say
this is the full shift. We say that iy ...4; is an admissable word if A;, =1 for all

1 <n < k—1. For an admissable word 147 ... i we define the cylinder set [ij ... i)

in+1

to be all j = (jn)52, for which j,, = i, for 1 < n < k. We sometimes call [i1 ... a
level k cylinder. We also introduce the following notation: for i € ¥4 we define i,
to be the finite word obtained by truncating i after n symbols. Also we denote X*
to be the set of all finite admissable words over the alphabet A. For any i,j € X%,
we let ij denote the concatenation of i and j. Note that ij is not automatically
admissable, so it is not necessarily true that ij € ¥*. Let |i| denote the ‘length’ of
the finite word i € ¥*, i.e. if i = 41...4 then |i] = k. Given i,j € ¥ we define
iAj e X UX* to be the longest initial block common to both i and j. We define a
metric d on ¥ by setting d(i,j) = e "Nl if [iAj| < oo and d(i, j) = 0 otherwise. The
metric d defines a topology on . The o-algebra of open sets is generated by the
set of cylinder sets. ¥ is compact if A is finite and not compact if A is infinite.

A key object of our study will be invariant measures on the symbolic space.

We will now introduce three important classes of shift-invariant measures.



2.1.1 Bernoulli measures

Let (X, 0) be the full shift on the alphabet A, where A = {1,...,k} or A =N. Let
P = (p1,p2...) be a probability vector, that is, 0 < p; < 1 with > .. «p; = 1.

By the Kolmogorov extension theorem, to define a Borel measure on X it is
sufficient to define a measure on the cylinder sets. We define the measure mp on

the cylinder sets of ¥ by

mp([i1 .. ’Ln]) =Diy - -Diy,

and say that mp is a Bernoulli measure for p. Then (¢, ¥, mp) is an ergodic measure

preserving system.
2.1.2 Gibbs measures
A probability measure m on ¥ is called a Gibbs measure if there exists a continuous

function g : ¥ — ¥ and constants C' > 0, P € R such that

1 m([i,. . in))

for alli € ¥ and n > 1. Then we say that p is a Gibbs measure of g and we call g
the Gibbs potential.

Note that in our definition, we do not require m to be invariant and in-
deed there are examples of Gibbs measures which are not invariant. We give some
motivation for studying Gibbs measures in Section 2.5 and learn about sufficient

conditions for their existence in various contexts.

2.1.3 Quasi-Bernoulli measures

We say that a measure m on X is quasi-Bernoulli if there exists a constant 0 < C' <
oo such that for all i,j € X*,

C m([i)m([j]) < m([i) < Cm([i)m([j]). (2.2)

It is easy to see that any Gibbs measure for a Holder continuous function f

is a quasi-Bernoulli measure.
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2.2 Expanding maps and Markov partitions

Let T : [0,1] — [0,1] be either a continuous map, or a continuous map when
considered as a map of the circle R/Z. Then T : [0,1] — [0, 1] consists of a finite
or countable number of continuous branches, and we assume that each of them are
C!'. We say that T is expanding if |T’| > 1. Since a symbolic dynamical system
is easy to study, we are interested in what properties of 1" give rise to a ‘symbolic
coding’, which we will shortly make precise. The answer lies with the idea of a
Markov partition.

Markov partitions are a useful way of partitioning the space that a dynamical
system acts on by providing a useful tool for developing a ‘symbolic coding’ of T
Let T : [0,1] — [0, 1] satisfy the above conditions. We say that a (finite or countable)
collection M = {I; : i € A C N} of open non-empty subintervals of [0, 1] is a Markov
partition of T if

L Tz I; — T(I;) is a homeomorphism
2. {I;}ica are pairwise disjoint

3. I T(I;)NI; # 0 for some i,j € A, then I; C T(I;), where () denotes the empty

set.

If T admits a Markov partition we say T is a Markov map. Then one can build a
symbolic coding for T' by a suitable subshift 34, where the transition matrix A is
constructed by considering pairs ¢, 7 which satisfy the third condition above.

Instead of describing this general construction in detail, we will just describe
how to build a Markov partition and corresponding symbolic coding for the type of
maps that are considered in this thesis. A more general version of the results below
can be found for instance in [KMS, Theorem 1.2.26].

Let {Z, }nen be a countable collection of non-empty disjoint subintervals of
[0,1] such that (0,1) C U,enZn and let T, : Z,, — [0, 1] be a sequence of expanding
bijective C'! maps. Define T : | J

nenLn = [0,1] as

T(z) =Ty(z) if z€7Z,

where we put T'(z) = Ti(x) for k = min{n : x € Z,,} if x is a common endpoint of
two intervals. In this case, the Markov partition is just the sequence {Z;}°,.

Denoting 3 as the full shift on N, we can define a canonical coding map
25 = 0,1\ UpZo T7"({0}) by

(i) = lim T;,' o+ o T, ([0, 1]).

n—o00 tn
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Then II is a continuous surjection and Il oo = T o II. We say that T is coded by the
full shift (on the countable alphabet). Given i € ¥* we will call II([i]) a projected
cylinder set or simply a cylinder set.

Finally, notice that E = (J;” ;7 "({0}) is a countable set of points. We call

J=[0,1\ |JT7"({o})
n=0

the repeller of T. One can study the dynamics of (J,T") via the dynamics of (3, o).

2.3 Dimension and measure theory

This thesis will primarily be concerned with studying the dimension theory of sets
and measures. There are many different notions of the dimension of a set but,
roughly speaking, they all provide some description of how much space a set fills
and the amount of irregularity of a set when viewed at small scales. The dimension
of a set can be used as a finer measure of the size of the set, for instance when
the Lebesgue measure of the set is 0. In this thesis, we will only deal with the
Hausdorff dimension of sets, which is the oldest notion based on a construction of
Carathéodory.

For a non-empty subset U C RY, define the diameter of U as |U| = sup{|z —
y| : &,y € U}, that is, the greatest possible distance between two points in U. Given
a subset F' C R? and a finite or countable collection of subsets {U}, }nen that cover
F,ie. F C,ecyUn, we say that {U, }nen is a é-cover of F'if |U,| < § for all n € N.
For s > 0 define

H5(F) = inf {Z |Un|® : {Un}nen is a countable ¢ cover of F}

neN

that is, we look at all covers of F' by sets of diameter at most ¢ and seek to minimise
the sth powers of the diameters of the sets in our cover. As § decreases, the class of

possible covers decreases, thus H3(F') increases and then we define
H¥(F) = lim Hi(F) = liminf {Z |Un|® : {Un}nen is a countable ¢ cover of F} .
6—0 6—0 g

It is possible to show that for each s, H® is a measure, and we call it the s-dimensional
Hausdorff measure. H?® is clearly decreasing with s and is either infinite or 0 apart

from one possible exception where it can be either 0, infinite, or positive and finite.
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The Hausdorff dimension of A is then defined as this critical value and denoted by
dimpg A = inf{s : H*(F) = 0} = sup{s : H*(F) = oo}.

In this thesis we shall be more focused on the dimension of measures, which
again can be defined in several different ways. For a Borel probability measure p

the Hausdorfl dimension is defined as
dimy ¢ = inf{dimg A : A Borel such that u(A) = 1}.

Roughly speaking, this corresponds to the dimension of the set that the measure
‘sees’. Another perhaps more intuitive notion of the dimension of a measure is the
local dimension of a measure, where it exists. The upper and lower local dimensions

of a Borel probability measure p at a point x in its support are defined by

dimjec (i, ) = limsup w and dim . (u,z) = liminf w.
r—0 logr r—0 logr

If the upper and lower local dimensions coincide, we call the common value the
local dimension and denote it by dimye.(u, ). This describes the rate at which the
measure of a small ball about a u-typical point scales as the radius of the ball is
decreased. This notion is particularly important because if there exists a constant «
such that the local dimension exists and equals a at p almost all points then we say
the measure p is exact dimensional and in particular, if p is exact dimensional then
all the definitions of the dimension of a measure coincide with the exact dimension
Q.

We now present some results from measure theory which will be used in the
thesis.

If a measure u is absolutely continuous with respect to a measure v, we
write u < v. The following proposition (e.g. [MMR, Lemma 2.4]) is useful to verify
exact-dimensionality whenever we have a measure which is absolutely continuous

with respect to an exact-dimensional measure.

Proposition 2.3.1. Suppose v is a non-null finite Borel measure on R% with exact
dimension o. Let pu be any non-null finite Borel measure . on R% with u < v. Then

w 1s exact dimensional with exact dimension a.

The following results about derivatives of measures will also come in useful,

see for instance [Ma, Theorem 2.12].

Proposition 2.3.2. Let u, A be inner regular probability measures on R (by inner

13



reqular we mean that for each m = p, A\, m(B) is the supremum of m(K) over all
compact subsets K of B, for any Borel set B). Then:

1. For M-almost every x € RY,

- a(B(a.r)
r—0 \(B(z,r))

exists and is finite.

2. u << A if and only if
(B(z,7))

1 """’
me AN B(z,1)) <o

for p-almost every x € R,

We also recall a well-known result of Egorov about convergence of functions

in a measure space.

Theorem 2.3.3 (Egorov’s Theorem). Let { [, }nen be a sequence of real-valued func-
tions on a probability space (X, B, 1) and suppose that f,, — f p-almost everywhere.
Then for all € > 0 there exists a set A € B with u(A) > 1 — € such that f, — f

uniformly on A.

2.4 Iterated Function Systems

We say that f : R? — R? is a contraction if there exists a contraction ratio 0 < ¢ < 1
such that for all x,y € R?

|f(x) = f(y)] < clz -yl

Let F = {f1,..., fn} be a finite collection of contractions f; : R? — RY. We call the
family F an iterated function system (IFS). Iterated function systems are one of the
main tools that are used to construct fractal sets, due to the following fundamental
result which dates back to work of Hutchinson [H].

Theorem 2.4.1 (Hutchinson). Let F be an iterated function system. Then there

18 a unique compact non-empty subset A such that
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In particular, we call the unique set whose existence is guaranteed by Theo-
rem 2.4.1 the attractor of the IFS.

Often the attractor of an IFS has a more complex structure and is more dif-
ficult to analyse if the parts {f;(A)} overlap too much. Thus, separation conditions

are often imposed, two of which we detail below.

Definition 2.4.2. An IFS F ={f; :i € {1,...n}} and its attractor A are said to
satisfy the Open Set Condition (OSC) if there exists a non-empty open set U such
that

n

where the union is disjoint.

Definition 2.4.3. An IFS F = {f; :i € {1,...n}} and its attractor A are said to
satisfy the Strong Separation Condition (SSC) if fi(A) N fj(A) =0 for i # j, where
() denotes the empty set.

2.4.1 Symbolic coding of IFS and attractors

Typically, attractors of iterated function systems are studied by building a symbolic
space from the index set, since the geometry of the symbolic space is more convenient
to work with than the more complex geometry of the attractor. Let F = {f1,..., fn}
be an iterated function system and let ¥ denote the full shift on the alphabet

{1,...,n}. For a finite word i = i; ... define

fi=fiyo--o fi.

Then we define a natural projection II : 3 — A from the symbolic space to the

geometric space by

() = () fi.(X)

neN
which will allow us to move between the two spaces.
Importantly for us, the projection II allows us to take a measure m on 3 and

obtain an associated measure p = m o II"' which is supported on A.

2.4.2 Self-similar sets

The simplest type of iterated function system is a self-similar iterated function

system F = {f1,..., fn} where all of the maps f; : R — R? are similarities, that
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is, for each ¢ there exists a constant ¢; such that for all z,y € R?,

|fi(x) = fi(y)| = cilx — yl.

The resulting attractor is then called a self-similar set. A well-known example of
such a set is the middle-third Cantor set, which is the attractor of the IFS F made
up of the maps f1, fo : R — R given by fi(z) = %, fa(x) = § + %

The dimension theory of self-similar sets is fairly well understood, at least
in the non-overlapping setting. Given a self-similar IFS made up of & maps with
similarity ratios ¢; and associated attractor A, the similarity dimension dimg A is

defined to be the unique solution in s to the formula

If F satisfies the OSC, dimyg A = dimg A. In contrast, when the OSC is not satisfied
dimg A is still an upper bound for dimg A but beyond that, the dimension theory
is far from understood. For instance, it is known that a ‘dimension drop’ can occur
if different iterates of maps in the IFS overlap exactly, but it is a difficult open
problem to establish whether this is the only way in which the dimension can drop.
Indeed, there is a folklore conjecture which says that a ‘dimension drop’ occurs only
in the presence of exact overlaps. Hochman [Ho] recently made important progress
towards proving this conjecture by verifying that exact overlaps are the only cause
of a dimension drop in the case that the maps in the IFS are one-dimensional with

algebraic parameters.

2.4.3 Self-affine sets

Self-similar sets which were discussed in the previous section are special examples of
a much more general class of sets known as self-affine sets; the key difference being
that in a self-affine iterated function system, the maps are now permitted to have
different contraction ratios in different directions.

In particular, F is a self-affine IFS if F contains affine transformations, that
is,

F={Ai+ti:ie{l,...,n}}

where each A; is a linear map and each ¢; is a translation. In this case, we say that
the attractor A is a self-affine set.

Allowing the maps in a self-affine IFS F to have different contraction ratios
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in different directions causes the self-affine attractor to be markedly more difficult
to study. For this reason, research in the dimension theory of self-affine sets has
been forced to follow one of two distinct lines of thought since the 1980s.

The first line of thought is the ‘generic’ approach, pioneered by the work of
Falconer beginning with [F2]. With this outlook, one seeks to find the dimension
of a generic self-affine set, in the sense of Lebesgue typical translations, while the
linear parts of the maps are fixed from the outset. This allows one to get a value
for the dimension of a ‘typical’ self-affine set.

In the other approach, one seeks to obtain a definite value for the dimension
of a self-affine set (rather than an almost sure result as above), although this time
it is at the cost of restricting to a specific type of self-affine set. This line of thought
was pioneered by Bedford and McMullen [Be; Mc|, and since then has revolved
around the study of various constructions of ‘self-affine carpets’.

Although our focus in this thesis will be the dimension of measures that
are supported on a self-affine set - rather than the self-affine set itself, there are
elements from the history of both of the above perspectives which will be relevant
to the problem studied in Chapter 6. Therefore we briefly summarise the important
results, which will hopefully give the objects studied in Chapter 6 some context.
For a more thorough survey of dimension results for self-affine sets, the reader is
directed to [F4].

Dimension of a ‘typical’ self-affine set

Before we can discuss the results of Falconer [F2] and the work that followed, we
must introduce the notion of the singular values of a linear map. Let A : R4 — R?
be a linear map, so that A is a d x d matrix. The singular values of A are the positive
square roots of the eigenvalues of AT A where AT denotes the transpose of the matrix
A. Geometrically, the singular values correspond to the lengths of the semi-axes of
the image of the unit ball under A. Thus, the singular values represent how much
the map A contracts or expands distances in different directions. Thus, one can see
that it would make sense for the dimension of a self-affine set to be closely related
to the singular values of the matrices which appear in the construction.

It is conventional to order the d singular values of a contracting linear map
AR — R? like

l>a012a0>2---2a4>0.

Let F = {f1,..., fr} be a self-affine IFS, so each of the maps f; = A; + b; for some

d x d matrix A; and translation vector b;. For a finite word i € ¥* denote «,(i) to
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be the rth singular value of the linear part of f;, that is, the rth singular value of
A;j. Observe that with this notation, we can also take i € ¥ and write a,.(i|,) to
be the rth singular value of A;, . (Note: we may use the notation a;(4;) and a,(i)
interchangeably for i € ¥*).

Using this notation, we are ready to introduce the singular value function
¢* : ¥* — R which was first introduced by Falconer in [F2]. For s € [0,d], and
i€ ¥*, define ¢*(i) by

(1) = a1 (i) - a1 (o]

(Note: as above, we may also sometimes use the notation ¢®(4;) instead of ¢*(i)).
Using this function, Falconer defined the affinity dimension (sometimes called

the singularity dimension) dimp F of the self-affine attractor F' to be

dimp F' = inf s:i Z ¢°(i) < o0

n=1lie{l,....k}"

1
= inf{s: lim — log Z ¢°(i) | <0

n—oo n
ie{l,....k}"

where the limit within the second displayed equation exists by the sub-additivity of
¢°. Using covering arguments, Falconer showed that dima F' was always an upper
bound for the dimension of a self-affine set F'. Moreover, by considering a natural
cover of F' he proved that for ‘typical’ translations it was equal to the Hausdorff

dimension of the set.

Theorem 2.4.4. Let {Ai}le be a collection of dx d matrices where each A; satisfies
the bound on its matriz norm ||A;|| = a1(A;) < 5. Then for Lebesgue almost all
translations (t1,...,t;) € R* the attractor F of the self-affine IFS F = {A; +t; :
i=1,...,k} satisfies

dimy F' = min{dimp F,d}.

In fact, initially the above result was proved in [F2] with the stronger assump-
tion that all the norms ||4;| < %, but in [So], Solomyak weakened the condition to
the current form. Moreover, an upper bound of % was proved to be sharp by an
example of Prztycyki and Urbanski in [PU1].

The singular value function ¢* will be of particular importance to us since

the measure whose dimension we study in Chapter 6 is the Gibbs measure for log ¢°.
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Self-affine carpets

As discussed earlier, the other direction considered in the literature concerning the
dimension of self-affine sets is the approach of restricting to a specific type of self-
affine set and obtaining a value for the dimension. This strategy has centred around
various constructions of ‘self-affine carpets’. The pioneers of this line of research
were Bedford and McMullen [Be; Mc], who independently considered the following

construction.

Example 2.4.5 (Bedford-McMullen carpets). Take the unit square [0, 1) and divide
it into a reqular m X n grid, where the number of rows m is greater than 1 and is at
most the number of columns n, i.e. 1 <m < n.

Select a family of rectangles {U;}._, formed by this grid and define the affine
map S; to be the one that maps [0,1])% to U;. We define the Bedford-McMullen carpet
in this case to be the attractor of the IFS F = {S;:i € {1,...,1}}.

Due to the simplicity of this model, this allowed the dimension of the attrac-

tor F' to be calculated explicitly.

Theorem 2.4.6 (Bedford, McMullen). Let F' be the attractor for the above con-

struction. Then

logm
log <Z£1 Nilogn )

logm

where N; denotes the number of maps in the ith column.

Observe that since the affinity dimension depends only on the number of
maps and the contraction ratios (which depend on m and n), whereas the expression
in (2.3) depends also on NN; (which is a quantity related to the translations of the
maps in the IFS), the Hausdorff dimension of a Bedford-McMullen carpet can in
fact be strictly less than the affinity dimension.

Pollicott and Weiss [PW2], Lalley and Gatzouras [GL|, Baraiiski [Bal| and
Feng and Wang [FW] studied variants on this construction, with one thing in com-
mon: the orientation of the maps in each of these models was always preserved. In
[Frl], Fraser introduced self-affine carpets where the maps were now allowed to have
non-trivial rotational and reflectional components. By studying a modified version
of the classical singular value function, Fraser was able to compute the box and
packing dimensions of these carpets. This is in fact the family of self-affine sets that

we will work with in Chapter 6, so we delay their precise definition till then.
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2.4.4 Measures supported on attractors

In this thesis, we won’t so much be concerned with the dimension of attractors
themselves, but rather with the dimensions of measures which are supported on the
attractors of iterated function systems (although of course sometimes this can give
information about the dimension of the attractor itself).

Fix an IFS F = {S; : i = 1,...,l} with an attractor F', which is coded by
the shift space ¥. Let m be a measure on . Then we can use the coding map
II: ¥ — R to define a measure j = m oIl which is supported on the attractor F.

For example, given a Bernoulli measure m, we call m o II™! a self-similar
measure if F is a self-similar set. Similarly, we say that m o II"! is a self-affine
measure if F' is a self-affine set. Therefore any self-affine (or self-similar) measure

satisfies l
p=> pipoS;’
i=1

for some probability vector (p1,...,p;).

Another common type of measures which are studied are projected Gibbs
measures. In some circumstances, the Gibbs measure may satisfy the quasi-Bernoulli
property (2.2), for instance when the Gibbs potential is Holder. In Chapter 6 we
will consider projected Gibbs measures for the singular value function ¢®, which in
our case will not be quasi-Bernoulli.

The appropriate notions of entropy and Lyapunov exponents for projected
measures will play a key role in Chapter 6. Fix an ergodic measure m on %, and let
pu = molIl~!. The following important result due to Oseledets [O] guarantees the

existence of Lyapunov exponents.

Theorem 2.4.7 (Oseledets). There exist positive constants, which we call Lya-
punov exponents 0 < x1(u) < xo(p) < ---xa(p) < 1 such that for m almost all
ieX¥ and 1< j<d we have

.1 .
Xj(p) = — lim —loga;(iln).

n—oo N

Using the ergodicity of m, we can use the Shannon-McMillan-Breiman the-

orem 2.0.3 to define the entropy of pu.

Theorem 2.4.8. Let m be an ergodic o-invariant measure on ¥ and p = moIl~1,

We define the entropy of u to be the constant h(u) which satisfies

h(u) = — lim l1ogm([i|n])

n—oo n
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for m almost every i € X.

The Lyapunov exponents and entropy of a measure are central objects in the
dimension theory of measures supported on attractors of IFS and in many cases the
dimension of a measure can be expressed purely in terms of these via a ‘ Ledrappier-
Young formula’. For more detail on this and an overview of the study of dimensions

of measures which are supported on self-affine sets, refer to Chapter 6.

2.5 Thermodynamic formalism

In this section we introduce the tools from thermodynamic formalism which will be
used extensively in the proofs of many results throughout this thesis.

Thermodynamic formalism is a branch of ergodic theory which originated in
statistical mechanics. While the ergodic theorem provides us with a useful tool for
studying the orbits of typical points, it does not provide us with a ‘natural’ invariant
measure to equip the space with. Here ‘natural’ is used loosely and depends on the
characteristic of the dynamical system that one is interested in, such as for instance
an invariant measure which maximises dimension or entropy. Gibbs measures were
translated from statistical mechanics to the setting of dynamical systems by Ruelle
and Sinai beginning with [S], providing a class of invariant measures whose properties
were closely connected with the properties of the Gibbs potential. The subsequent
body of work that followed connecting Gibbs measures with other analogues of
notions from statistical mechanics such as pressure, equilibrium states and entropy
all in one beautiful and interwoven theory is now called thermodynamic formalism.
The connections established by this theory have proved to be powerful tools in
many areas of dynamical systems including its dimension theory, rates of mixing
and statistical properties of dynamical systems. The monographs of Bowen and
Ruelle [Bo; Ru] provide classical expositions of thermodynamic formalism in the
original settings in which it was developed.

Of course this body of work has since grown and indeed, thermodynamic
formalism will appear in a number of different settings in this thesis. Therefore
this section will be split into three parts, each of which summarises the relevant
results that will be used from each setting. Firstly, we briefly touch upon the
thermodynamic formalism of Holder continuous potentials for the subshift of finite
type. Only very basic results from this setting will be used. Secondly, the most
detailed account of results from the thermodynamic formalism will be given for the
setting of the countable shift, which will be used throughout Chapters 3-5. Finally,

we will give an overview that contains the analogue of these ideas in the sub-additive
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setting, that is, for sub-additive potentials on a subshift of finite type. Results from
this setting will be used in Chapter 6.

2.5.1 Finite setting

The thermodynamic formalism for Hélder continuous potentials on a subshift of
finite type is well understood and a detailed account can be found in [PP]. However,
in this thesis the amount of results required from this setting is limited to knowing
about the existence of Gibbs measures and their characterisation. Therefore, these
are the only results we present here, all of which can be found in [PP].

Let A be an aperiodic matrix and (X, o) be its associated subshift of finite

type. For a continuous function f:3 — C and n > 1 we define

vary(f) = sup{|f(i) = f()| : ilm = jlm for m <n}
to be the nth variation of f. Let 0 < § < 1. Define

Fs = {f : fcontinuous and for some C > 0 and for all n € N, var,f < C§"}.
(2.4)

If f € Fs we say that f is J-Holder continuous. We say that a function f: ¥ — R
is Holder continuous if f € Fjs for some 0 < § < 1.

We begin by defining the topological pressure of a Holder continuous function.

Definition 2.5.1 (Pressure). Let f : ¥ — R be a Hélder continuous potential. Then
we define the topological pressure of f by

n—oo n

P(f) = lim Hog( 3 exp(Snf(i))>-

i:omi=i

In this setting, the pressure also satisfies a wvariational principle, providing

us with another characterisation of the pressure.

Theorem 2.5.2 (Variational principle). For any Hélder continuous function f,

P(f) = sup {hw -/ fdu} (2.5)

where the supremum is taken over all o-invariant probability measures.

We say that an invariant measure p is an equilibrium state if it achieves the
supremum in (2.5), that is, P(f) = h(p) + [ fdp.
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Recall the definition of a Gibbs measure given in (2.1). An important result
that will be used in this thesis is that, given a Holder continuous potential f, there
exists a unique invariant Gibbs measure that can be characterised using the pressure

and variational principle.

Proposition 2.5.3. Let f : ¥ — R be a Hélder continuous potential. Then there
exists a unique invariant Gibbs measure py for f and the constant P from (2.1) is

given by P = P(f). Moreoever, this is the unique equilibrium state for f.

Given a continuous function u : ¥ — ¥ we say that u —uoo is a coboundary.
We say that two functions f, g : ¥ — R are cohomologous (writing f ~ g) if there

exists some continuous function u : ¥ — R for which
g=f+u—uoo. (2.6)

Note that two functions being cohomologous is an equivalence relation. Also observe
that if two functions f and g are cohomologous then their Birkhoff sums coincide

on periodic orbits, that is

for any i such that o™i =1i.

Coboundaries are useful since adding a coboundary to a function preserves
thermodynamic quantities, as demonstrated by the following result, see for instance
[PP, Proposition 3.6].

Proposition 2.5.4. Two Hélder continuous functions f and g have the same equi-
librium state if and only if f ~ g+ ¢, where c = P(f) — P(g).

2.5.2 Countable setting

The thermodynamic formalism of the symbolic space was developed in the setting
of the countable Markov shift by Mauldin and Urbanski (e.g. [MU1; MU2; MU3|)
and Sarig (e.g. [S1; S2]) in the turn of the 21st century. These references contain
many different sufficient conditions on both the subshift and potentials which give
results such as existence of Gibbs measures. However, in this thesis we will only be
considering the full shift on the countable alphabet and this means that many of
the results have a much simpler exposition. Therefore, in this section we will only
summarise the necessary results for the full shift (3, o) on a countable alphabet.
Since the ultimate purpose of this section is to provide applications to a

countable branch expanding interval map, it is worth noting that equivalently if
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one is given such a map T which is coded by the full shift, then each result in this
section could be rewritten by using the notation relating to the map 7" rather than
the shift map o. Indeed, throughout Chapters 3-5 we will use such a version of
each notion and result that appears this section. Also, we remark that many years
prior to the work of Mauldin, Urbanski and Sarig (whose work was more focused
on pushing the boundaries of how much conditions could be weakened while still
preserving desirable thermodynamic formalism results) Walters [W] investigated
the thermodynamic formalism of countable branch expanding interval maps without
exploiting any symbolic coding, and a lot of the results that we will require could
be gleaned from his 1978 paper instead.

A potential f: X — R is said to be locally Hélder continuous if there exist
constants C' > 0 and 0 < § < 1 such that for all n > 1 the variations var,(f) decay

exponentially, that is,

varg(f) = sup  {[f()) = fO)| : LJ € [ia, ... in]} < CO". (2.7)
i1..in €N

If f satisfies this hypothesis for 0 < § < 1 we say that f is d-locally Holder con-
tinuous. We denote the space of all é-locally Hélder continuous functions by Fiy.
Notice that the key difference between this space and the space of Holder functions
as defined in (2.4) is that there is no assumption on the Oth variations of f, that is,
f may not be bounded. Define the seminorm [f]s to be the smallest constant one
can take in (2.7). Therefore Fs = {f : ¥ — R : [f]s < co}. Let Fs denote the space
of all bounded and §-locally Holder functions. Define the norm |[|-||s = []s + |||
and observe that this makes (Fs, [|-||s) a normed space.

We also say that a locally Holder potential f : ¥ — R is summable if

Z exp(sup fl,)) < oo. (2.8)

neN

Both of the above conditions will be central for developing the thermody-
namic formalism.

We can define the topological pressure of a potential f as follows.

Definition 2.5.5 (Pressure). Let f : ¥ — R be a locally Hélder potential. Then the

pressure of f is given by

n—oo N

P(f) = lim 110g< 3 exp(snfa))).

i:omi=i

Notice that the pressure can either be finite or infinite. We have an analogue
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of the variational principle in our countable setting, see for instance [MU1, Theorem
2.1.8].

Theorem 2.5.6 (Variational Principle). If f is locally Holder then

P(f) = sup {h(u) +f fdu} (2.9)

where the supremum is taken over all o-invariant probability measures for which
— [ fdp < o0

Similarly, we say that a measure p is an equilibrium state for f if — [ fdu <
s and h(p) + [ fdu = P(f).

If f is a locally Holder summable potential then we know about the existence
of Gibbs measures, see for instance [MU2, Corollary 2.10] and [MU1, Theorem 2.2.9].

Proposition 2.5.7 (Existence of Gibbs measures). Let f : ¥ — R be a locally
Holder summable potential. Then f has a unique o-invariant Gibbs measure jif,
and the constant P = P(f). Moreoever, if — [ fdu; < oo then uy is the unique

equilibrium state for f.

In the setting of the countable shift, we say that f and g are cohomologous if

there exists some bounded locally Holder continuous function u : 3 — R for which
f=g+u—uoo.

We have an analogue of Proposition 2.5.4 for our countable setting, see for instance
[MU2, Theorem 3.3].

Proposition 2.5.8 (Equivalence of Gibbs measures). Let f,g : ¥ — R be locally
Holder potentials that have o-invariant Gibbs measures py and pug. Then pp = pg if
and only if f — g is cohomologous to a constant, that is, there exists some bounded

locally Hélder continuous function u : X — R for which

f—g=cH+u—uoo.

It will be useful to understand the above notions from the point of view of
operator theory.
Assume ¢ is a summable locally Holder potential g € Fs. Then we can define

the transfer operator (sometimes known as the Perron-Frobenius operator or Ruelle
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operator) as L4 : F5 — Fs given by

(Lw)() = Y exp(g(3)w(i)- (2.10)

oj=i

Observe that the above sum is an infinite sum in our setting, hence the necessity

that g be summable. Also, observe that the iterates of £, are given by

(Lyw)(i) = > exp(Sng(i)w(i)-

Trj=i

We have a version of the well-known Ruelle-Perron-Frobenius theorem in our
setting. See for instance [S1, Corollary 2] and [MU2, Corollary 2.10].

Theorem 2.5.9 (Ruelle-Perron-Frobenius theorem). Suppose g is a summable lo-

cally Hélder potential. Then the following statements hold.

1. There exists a unique eigenmeasure fig such that

[ £ardig =" [ a,

and there exists a unique positive continuous function h for which Lsh = e
and 0 < inf h < suph < oco.

2. [ig 1s a Gibbs measure for g.

3. There exists a unique invariant Gibbs measure g for g. In particular, if we

consider the normalised operator M, : Fs — Fs given by Myw = e POR=1L, (hw)

(so that Myl = 1) then dug = hdjiy and

/ M fdpy = / Fdug.

The analytic properties of the pressure function P will come in useful. In
order to discuss the analytic properties of pressure we must first introduce the
(asymptotic) variance.

First, for f,g,h : X — R, where g is locally Holder, define the covariance by

n—1
o7, (fih) = lim ( fe*) —n [ fd ) (
H n%oon\/ kZ:O / s

n—1
h(o*i) — n / hdlu,g> dpg(i)
(2.11)

k=0
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whenever the limit exists. When f = h in the above, we simply write azg (f, f) =

2
oy, (f) as defined below.

Definition 2.5.10 (Variance). Let f,g: X — R where g is locally Holder. Then we

define the variance by

n—1 2
.1 . .
O'ig(f) = nh_{go n/ ( E f(o*i) — n/fd,ug> dpg(i) (2.12)
whenever the limit exists.

The variance is invariant under adding a coboundary or a constant, that is,
if u: Y — R is locally Hélder and ¢ € R then

Jﬁg(f):aig(f—i—u—uoa—&—c)

Also, it is a classical result that whenever the variance exists and [ fdp = 0, we can

rewrite (2.12) as

o2 (f) = / fzdug+2§o:1 ( / f-foandug> - (2.13)

See for instance [PU2].
We are now ready to summarise the analytic properties of the pressure func-

tion in our setting. The following is given in a more general setting as [S1, Corollary
4].

Proposition 2.5.11 (Analyticity of pressure). Let f : ¥ — R be a locally Hélder

continuous function and let

Dir(f) =
{g : g is locally Holder and P(f 4 tg) < oo for t in some neighbourhood (—¢,¢)}.
(2.14)

Let g € Dir(f). Thent — P(f+tg) is real analytic in some neighbourhood (—¢g, £¢)
of t.

As a result of the above we can write down the derivatives of the pressure.
The following two results can be found for instance in [MU1, Propositions 2.6.13,
2.6.14].
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Proposition 2.5.12 (First derivative of pressure). Let f, g be locally Hélder and
to € R. Suppose that t — P(tf + g) is analytic in some neighbourhood of ty. Then

the first derivative of the pressure is given as

dP
— [ fdmgss
t=to

dt

Proposition 2.5.13 (Second derivative of pressure). Let f, g be locally Holder and
so,to € R. Suppose that t — P(sf + tg) is analytic for all pairs (s,t) in some
neighbourhood of (so,to). Then

0?pP )

=0, 0, (fr9)
0sot (5,6)=(50,0) Hsof+tog

2.5.3 Sub-additive setting

In this section we present the thermodynamic formalism of the sub-additive poten-
tials that will be considered in Chapter 6. Sub-additive thermodynamic formalism
was developed as an extension of the standard thermodynamic formalism for addi-
tive potentials, in part due to its applications to the study of measures supported on
self-affine sets, see for instance [F3], [K]. Essentially, this theory is concerned with
generalising the classical results of Ruelle, Bowen and Walters which connects the
topological pressure with the measure theoretic entropy and Lyapunov exponents
via a ‘variational principle’, to the setting where additive potentials are replaced
by sub-additive potentials on ¥ = {1,...,1}*® (or more generally, a compact metric
space X, equipped with a continuous mapping 7).

We say that a sequence F = {log f,,}>2 of functions on X is sub-additive if

each f, is a continuous non-negative function on ¥ such that

0 < fn+m(i) < fn(i)fm(gnl)

for each i € ¥ and n,m € N.
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In this setting, the pressure of the sub-additive sequence F can be defined as

P(F) = lim l1og > fali)

n—oo n
ie{1,..,l}n

= lim llog Z exp(log fn(i))

n—oo N
ie{1,....l}"

where the limit exists by sub-additivity of the sequence F.

Thus, it should be clear from the second displayed equation above, that in
the sub-additive setting, the sequence log f,, plays the role of S, f in the classical
setting. In particular, if we put f, = exp S, f for all n € N then P(F) = P(f) and

indeed we are in the additive case since

frtm(1) = exp(Snym f(i)) = exp(Sn f(i)) exp(Sp f(0"1)) = fu(i) fm(c"1)

for each i € ¥ and n,m € N.

Once P(F) is defined for a sub-additive potential, the goal is then to prove
a variational principle, analogous to (2.5). We will be dealing with a very specific
case of this theory which applies to the singular value function related to a family
of matrices. Therefore, our presentation of the theory will differ from the general
formulation provided above, with the hope of improving on the clarity of the expo-
sition. For a more general treatment of sub-additive thermodynamic formalism, the
reader is directed to [CFH].

Let {A;}!_; be a family of invertible d x d matrices. We denote ¥ to be the
full shift on [ symbols. Recall that the singular value function ¢° : ¥* — RT was
defined for each 0 < s < d by

6*(i) = 01 (i) - a1 (o]

where ay (i) denotes the kth singular value of the matrix Aj.

It is known that ¢° is submultiplicative, that is,
¢°(ij) < ¢°(1)9°(j)

for each i,j € ¥*; see for instance [F2, Lemma 2.1].
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This allows us to define the sub-additive pressure
.1 s/
P(s) = nh_{gloglog Z ¢°(1) (2.15)
ie{1,...,l}"
where the limit exists by the submultiplicativity of ¢°.

Remark 2.5.14. To reformulate this in the ‘standard’ sub-additive language, notice
that we can define fn,(i) = ¢*(i|n), so that indeed each f, is continuous and non-

negative and
frim(1) = ¢ (ilnsm) < ¢°(i[n)9°(0"ilm) = fu (i) fm(0™)

so that F = {log fn}>2 1 is a sub-additive sequence. Then immediately we see that

.1 . 1 sy |
P(F) = lim —log .e{lzl}n fai) | = lim ~log ’e{lz:l}"¢ (i) | = P(s).

For a o-invariant probability measure p € M, (%), we define
s 1 . s/
620) = tim ~ 37 p((i]) log 6° (1) (2.16)

where the limit converges by sub-additivity of log ¢®. This is sometimes referred
to as the Lyapunov exponent of {A;}!_; (e.g. [FK]) or the Lyapunov exponent of
{log ¢*(*|n)}32; (e.g. [CFH]), but since in our context the singular value function
is closely related to the Lyapunov exponents of the matrices A; we will avoid this
terminology for the sake of clarity.

In [K], Kdenméki proved that we have the following variational principle.

Proposition 2.5.15 (Variational principle). For each 0 < s < d we have the vari-

ational principle

P(s) = sup{¢(u) + h(u) : p € Mo (E)}. (2.17)
Moroever, the supremum is realised by an ergodic invariant measure.

We are interested in measures which realise the supremum in (2.17). In

particular, we say that p is an s-equilibrium state if p € M,(X) and
P(s) = ¢Z(p) + h(p). (2.18)
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In [FK], Feng and Ké&enméki proved that for each s, there in fact exists a

unique s-equilibrium state, and proved that it has a Gibbs property.

Remark 2.5.16. Note that in the sub-additive setting ‘Gibbs’ is meant in a different
sense. We say that a measure u has the Gibbs property for the sub-additive function
log ¢° if there exists a constant C > 0 such that

O~ exp(—nP(s))¢" (i) < p([i]) < Cexp(—nP(s))¢* (i) (2.19)

foralln e N andie X™.

Theorem 2.5.17. Let {A;}._, be a collection of matrices in R? which satisfy the
following ‘irreducibility’ condition: there exists a constant ¢ > 0 and m € N such
that for all i,j € X* there exists some k € |, X" for which

¢°(ikj) = c¢°(1)9°(j)- (2.20)

Then P has a unique s-equilibrium state m?® for each s > 0. Furthermore, m® is

ergodic and has the Gibbs property
C~ exp(—nP(s))o*(i) < m*([i]) < Cexp(—nP(s))¢*(i) (2.21)

for alln € N and i € ¥X". m?® is the unique invariant probability Gibbs measure for

the potential log ¢°.

Therefore in order to use Theorem 2.5.17 one must determine whether the
‘rreducibility’ condition, which appears in Theorem 2.5.17 above, is satisfied. The
following definition for an #rreducible collection of matrices will be relevant to an-

swering this question.

Definition 2.5.18. A family of d x d matrices {A;}'_, with entries in R is irre-
ducible over R if there is no non-zero proper linear subspace V. of R% such that
S;VCV foralll <1< L.

For 0 < s < 1, the ‘irreducibility’ condition formulated in Theorem 2.5.17
is satisfied when our collection of matrices is irreducible, in the sense of Definition
2.5.18, see for instance [Fe]. Moreover, if we set d = 2, then by [FS]] this condition
is satisfied if and only if {A;}!_; is irreducible. This provides us with the following

refinement of Theorem 2.5.17.

Corollary 2.5.19. Let {A;}._, be an irreducible collection of matrices in R?. Then

P has a unique s-equilibrium state m® for each s > 0. Furthermore, m® is ergodic
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and has the Gibbs property
O~ exp(—nP(s))¢* (i) < m*([i]) < C exp(—nP(s))¢* (i)

for alln € N and i € ¥X". m® is the unique invariant probability Gibbs measure for

the potential log ¢°.
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Chapter 3

Dimension gap for Bernoulli

measures

3.1 Introduction

In this chapter, we will be concerned with so-called ‘dimension gaps’ for T-invariant
projected Bernoulli measures, where T' is a countable (or finite) branch expanding
map.

Let {Z,,}neca be a sequence of disjoint open sub-intervals of [0, 1] where & is
(for now) either a finite or countable index set. Let Tj, : Z,, — [0, 1] be a sequence
of bijective expanding C? maps which simply correspond to the branches of the
map T : [0,1] — [0,1] which is defined as T'(z) = T,(z) if * € Z, (taking care
at the boundary points of intervals, which we’ll make precise later) and 7°(0) = 0.
By using Markov partitions, one can construct a symbolic coding of T" by the full
shift on either a finite or countable alphabet, depending on the cardinality of ®. In
particular, we can define a coding map I : ¥ — [0, 1] given by

M(i) = lim T; % o0 T, 1([0,1]) (3.1)

where ¥ = {1,...,E}Nif ® = {1,... k} and ¥ = NV if ® = N, and ¥ is equipped
with the full shift o.

The repeller of the map T is defined as the set

J=[0,1\ JT7"(0}) (3.2)
n=0

where the set of points that is removed is a countable set. For all i € X we have
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Toll =1IIoc and so the coding map II allows us to move between the symbolic
model and the geometric model and importantly allows us to project o-invariant
measures on X to T-invariant measures on [0, 1]. Our main focus will be (projected)
Bernoulli measures. Throughout this chapter we will denote by mp the Bernoulli
measure associated to the probability vector p = (p;)ice € P, where P denotes
the simplex of all probability vectors. We will denote the corresponding projected
measure by pp = mp o II-!, and also refer to tp as a Bernoulli measure.

We are interested in the Hausdorff dimension of Bernoulli measures, which
from now we will just refer to as the dimension and denote by dim. In particular,
we are interested in what properties of T give rise to a dimension gap, by which we

mean that

sup dim pp < 1 — ¢ (3.3)

peP
for some ¢y > 0. The reason we refer to this as a dimension gap is because, by
the work of Walters [W] (which we’ll expand on in more detail in Section 3.2),
every map 1 that we’ll consider will admit a unique absolutely continuous invariant
probability measure pr, which corresponds to the unique invariant Gibbs measure
for the potential —log|T”|. Therefore since dim upr = 1, (3.3) refers to the fact that
all Bernoulli measures have dimension which is uniformly bounded away from the
maximal realised dimension of an invariant measure.

While we are primarily interested in the countable branch setting, in order to
build up some intuition for the problem we begin by considering the simpler setting
of the finite branch expanding system, where we have the index set ® = {1,..., k}.
Firstly, suppose that —log|T’| = 3 logp,17, =: fp for some probability vector
p = (p1,...,pk), where the sum in the definition of fp is taken over all p, # 0.
Notice that since f is locally constant, this means that 7" is necessarily a linear
map. Since pp coincides with the Gibbs measure py,, it follows that ur = pp, that
is, pp is an absolutely continuous measure and dim pp = 1.

It is easy to verify this by considering an example. For instance, if we consider
11
202
reciprocals of the slopes of the branches, then clearly ur = pp = L|jo1], where £

the doubling map T'(x) = 2x mod 1 and fix p = (5, 5) which corresponds to the
denotes Lebesgue measure.

Next, suppose that T is a map for which —log|T’| is cohomologous to the
potential f, for some p € P, where P denotes the simplex of all probability vectors.
By Proposition 2.5.4 we can verify that again pur = pup, so the absolutely continuous

measure is again a Bernoulli measure. Therefore, we see that a map does not neces-
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sarily have to be linear for the measure of maximal dimension to be Bernoulli. On
the other hand, we can again use Proposition 2.5.4 and the variational principle to
verify that this is the only instance in which a Bernoulli measure can have dimension
1. Indeed, if —log|T”| is not cohomologous to any potential fp then this implies

that pp # pp for any p by Proposition 2.5.4. Thus by the variational principle (2.5)

h1ap) [ 108 T'dip < hiur) ~ [ log [Tz = P(~ o 1)

h(l‘p)
x(kp)
P(—1log|T'|) = 0 (both facts will be stated more generally and attributed properly

Combining this with the fact that in the finite branch setting dim pup = and

later in the chapter), it follows that dimpup < 1 for any p € P. In fact we can
say more; since the map m — dimm o II™! (restricted to M, (X)) is upper semi-
continuous and {mp : p € P} is a compact subset of M, (%), it follows that there
exists q € P such that

sup dim pp = dim pgq < 1

peP
that is, we have a dimension gap. Note however, that this approach gives no quan-
titative information about the size of the gap and it is a difficult open problem to
establish what 14 actually is.

We'd like to study the analogue of this problem in the countable branch
setting. A key difficulty here is that the map m — dimm o II"! (restricted to
M, (X)) is no longer necessarily upper semi-continuous and also {mp : p € P} is
not compact. However, we will see that the problem still boils down to determining
‘how different’ the potentials —log|7”| and fp, are.

Therefore, for the rest of this chapter we fix ® = N. The study of countable
branch expanding interval maps originates with the Gauss map G : [0,1] — [0, 1]
given by G(z) = 2 mod 1 if z > 0 and G(0) = 0. The Gauss map has attracted
a lot of interest in the literature due to its close connections with the continued
fraction expansions of real numbers. In the 1940s, Bissinger and Everett [Bis; E]
were interested in generalisations of the Gauss map which could give rise to real
representations of numbers, analogous to confinued fraction expansions, which they
coined f-ezpansions. In 1957, Rényi [R] extended their work and showed that under
some regularity conditions on f, one could determine the existence of an absolutely
continuous invariant measure.

We will be working in the setting of EFzpanding-Markov-Rényi maps which

we now introduce. From now let {Z,},en be a countable collection of non-empty
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disjoint subintervals of [0,1] and let T}, : Z,, — [0,1] be a sequence of expanding
bijective C? maps (so |T},| > 1). Define T : [0,1] — [0,1] as

T(z) = Tu(z) if z€Z,
T0) = 0

where we put T'(z) = Ti(x) for k = min{n : x € Z,,} if = is a common endpoint
of two intervals. Similarly, we adopt the convention that 7"(z) = T} (x) where
k=min{n:z €Z,}. Forn=ni...n, € N¥ we denote T, =T, 1o.. . T 1

Let T : [0,1] — [0,1] be a countable branch expanding map as described
above for which (0,1) C U,enZn. Then we say that T is an Ezpanding-Markov-
Rényi map (or EMR map) if it satisfies the following conditions:

(1) Some iterate of T is uniformly expanding. There exists | € Nand A > 1
for which
(T ()] = A" > 1

for all z € [0, 1].

(2) Markov. T admits a Markov partition. (Note: under our assumptions this

is already satisfied and moreoever T is coded by the full shift on N).
(3) Rényi condition. There exists k < oo such that

T”(ac)

T ()| S" <

sup sup
neN %yuZEIn

Remark 3.1.1. The thermodynamic formalism of maps that satisfy (1)-(3) were
studied by Walters in [W]. In [PW] Pollicott and Weiss introduced the term ‘Expanding-
Markov-Rényi’ to mean maps which satisfied the conditions given above except with
a more general Markov structure. In [IJ1] and [IJ2], Iommi and Jordan adopted
the term ‘Expanding Markov Rényi’ maps to mean ones which satisfied (1)-(3) and
were coded by the full shift, but for which the union of the intervals I,, no longer

necessarily ezhausted (0,1).

Before we proceed with attacking the dimension gap problem, we give some

examples of EMR maps and their important properties.

3.1.1 Examples of EMR maps

We now give some examples of Expanding-Markov-Rényi maps. One of the most

well-known examples of such a map is the Gauss map, sometimes known as the
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continued fraction map G : [0,1] — [0, 1] given by

; modl x>0
0 r=20

To verify that conditions (1)-(3) hold, notice that since |G'(z)| - 1 asz — 1, G
itself is not uniformly expanding but if we consider the second iterate of the map
we see that condition (1) holds for [ = 2 and A = 2. Since |G'(z)] = 2 and
|G"(x)| = 2, the Rényi condition holds with = 16.

The Gauss map has been well studied due to its connections with the con-
tinued fraction expansion of a number. Given x € (0,1) \ Q, there exists a unique

sequence {ay, }nen, known as the continued fraction expansion of = such that

az + ——
2 as+ ...
where all of the digits a,, € N. Then the Gauss map generates the continued fraction
expansion of a point € (0,1) \ Q in the sense that the orbit of a point under G
encodes its continued fraction expansion via the intervals that it visits: a, = k &

G (x) € (k. B).

Figure 3.1: Gauss map.
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a-Liiroth maps

The various Liiroth maps provide a class of linear examples of Expanding-Markov-
Rényi maps.

Let o = {A,}nen be a countable partition of [0, 1] consisting of intervals
of the form (x,y| ordered from right to left starting with A;. Let |A,| denote the
diameter of A, and t, = > ;2 .| |A| denote the combined length of the sets in the

partition that come after A,. Then the a-Liiroth map is defined as

th—x
oy = { B e
€r=

These can be defined analogously to produce maps with monotone increasing branches.

Clearly L, satisfies (1) for [ = 1 and since it is a linear map, 7" = 0 so it
follows that the Rényi condition is also satisfied.

If we take the partition oo = {(
Liiroth map L :[0,1) — [0, 1)

n%rl, 11} .en then we obtain the alternating

Figure 3.2: Alternating Liiroth map.

38



f-expansions

For examples of non-linear Expanding-Markov-Rényi maps, we can consider trans-
formations 7' : [0,1] — [0,1] which arise from f-expansions. Let f either be a
strictly decreasing continuous function f : [1,00) — (0,1] such that f(1) = 1,
lim, 00 f(x) = 0 or let f be a strictly increasing continuous function f : [0,00) —
[0,1) such that f(0) =0, lim,;_,~ f(z) = 1 and define the map 7T : [0,1] — [0, 1]

T(z) = f'(z) modl. (3.4)

For z € (0,1) set 7o(x) = x and r;1(x) = f~ (r;(x)) mod 1 for i > 0. Let
X be the set of all x € (0,1) such that r;(z) > 0 for all ¢ > 0 (which is the whole

interval minus some countable set of points) and for x € X and ¢ > 1 define
ai(x) = [f7H(rima(x))] €N

where [-] denotes the integer part of a number. Under some assumptions, one can
deduce that

= floa(e) + flaz(x) +---)) (3.5)

for all x € (0,1), that is, the expansion on the right hand side of (3.5) converges to
x. When the representation in (3.5) exists, we call it the f-exzpansion of x.

f-expansions were introduced in the decreasing case by Bissinger [Bis]|, and
in the increasing case by Everett [E]. They were introduced as a generalisation
of the continued fraction expansion, in order to investigate real representations of
numbers. In [R], Rényi showed that under an assumption on the regularity of f,
(3.5) holds for all x € (0,1). In particular, the condition in the decreasing case was
that |f(x) — f(y)| < |z — y| for all ,y > 1 and that there exists some A < 1 such
that for all z,y > 1+ f(2), |f(z) — f(y)| < Az —y|. When f was increasing, the
condition was that |f(z) — f(y)| < |z — y| for all z,y > 0.

Note that in the decreasing case, when f : [1,00) — (0, 1] is given by f(z) = 1
then the map T is just the Gauss map and (3.5) just gives the usual continued
fraction expansion of x.

If the map T arising from the f-expansion satisfies properties (1)-(3), then
T is an EMR map.
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3.1.2 Properties of EMR maps

In this section we summarise some useful properties of Expanding-Markov-Rényi
maps which will be used extensively throughout the remainder of the chapter. Let
T :[0,1] — [0,1] be an Expanding-Markov-Rényi map.

Firstly, the the uniformity of the lower bound for the rate of expansion of
(the Ith iterate of) the map T gives rise to a uniform upper bound for the diameters
of projected cylinders. In this sense, the uniform rate of expansion of the map and
the uniform rate of contraction of the cylinders are essentially two sides of the same

coin.

Proposition 3.1.2. For all n € N and (i1,...,i,) € N the diameter |Z;,,. ;.| <

Al-1
A

Proof. Tt is enough to show that for all n € N, (T"(x))" > % for any x € Z;, ;..
Let n = kl + m where k € N and 0 < m <[ — 1. Then by the chain rule,

(T (@) = [(T™)(T™)]- [(T™) (z)]
> (T (@* D) (T) (T EDE )| (T (T )
> Akl

where the second line follows because |(T™)'(z)| > |T"(x)| > 1 and the third because
|(TY(x)| = Al. Thus,
A" A"

(@) > A% = 15 > S

O

By a slight abuse of notation we will adopt the same notation that was used
to denote the space of locally Holder potentials on ¥ in Section 2.5.2, in order to
denote the analogous space of real potentials.

We say that f: (0,1) — R is §-locally Hélder if there exists C' > 0 such that

for all n > 1 the variations var,(f) decay exponentially, that is,

vary (f) = sup {lf(@) = fW)]: 2,y €Ty} < O™ (3.6)

1.0, €ENT
Denote the space of all §-locally Holder functions by Fs. We say that f is locally
Hoélder continuous if f is d-locally Holder continuous for some 0 < § < 1. Define
the seminorm [f]s to be the smallest constant one can take in (2.7). Therefore
Fs ={f :(0,1) - R : [f]s < co}. Let Fs denote the space of all bounded and
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d-locally Holder functions. Define the norm ||-|[s = [-]s + ||||cc and observe that this
makes (Fy, |||ls) a normed space.

By combining the uniform contraction rate of cylinders (equivalently the
uniform expansion rate of the map) with the Rényi property we obtain the following

important result which tells us that log|7”| is locally Holder continuous.
Proposition 3.1.3. log|T'| € Fy-1 and moreover, [log|T'||x-1 < AL

Proof. Let iy,...,1, € N" for some n > 1 and z,y € Z;, . ;,. Then

, y T// w
g 7@ log T < s [ 1o

< sup T"(w) sup 1
WELiq ... in T/(w) u€Liy ... in (Tn)l(u)

< sup (w) sup ! sup !
weZiy, i | 1) Juez, i | T (W) Luez, 1 (T771) (Tw)
A1 Al

b An Am

where the third line follows by the chain rule. O

Finally, we obtain a property which is commonly known as a bounded distor-
tion property. This allows us to replace the diameter of a cylinder Z;, . ;, with the
reciprocal of the derivative of the nth power of T' at any point which has symbolic
expansion beginning with the word iy, ...,7, (subject to some uniformly bounded
error). The following derivation of the bounded distortion property from the Rényi
condition is a classical result, a version of which can be found for instance in Lemma

2 of [CFS, Chapter 7.4].

Proposition 3.1.4 (Bounded distortion). For any n > 1 and cylinder Z;, .. ;, with

n

x,y €Ly, .. i, we have
—KAZ (Tn)/(x) KAZ
O AR _ '
P <A—1> S Ty SHP <A—1> (3.7)
Also,
—rA! Zis,...pin| KAl
< 11 yeeesln < . .
o (377) < i <o (307) (3.8)
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Proof. We begin by proving (3.7). Fix some n > 1, some cylinder Z;, ;. and
x,y € L;,... i,- Then by the chain rule and Proposition 3.1.3,
(T")'(x) n ny/
———L = exp log T —log |(T") (y
(T (y) (T ()] (T") (y)])
n—1 n—1
= exp (Zlog T (T*z)| — Zlog ‘7' (T* )\)
k=0 k=0
1
< exp (f@AlZ A’f)

kA
S exp A-1

and since x and y were chosen arbitrarily the lower bound in (3.7) also follows from

this. Then to see (3.8), fix some y € Z;, ;. and observe that

17:1’1.

—K (T™)(x) A
— | Tiyin] < Tt dr < | Zis,inl-
o0 () Bl < [ Gyt <o (55 B

It follows that

e (125 Balm i<t = [ @@l

N

KA o
e (325 ) o T )

from which (3.8) follows. O

3.2 Previous work

We now outline some relevant prior results, including the work of Walters [W] and
Kifer, Peres and Weiss [KPW]|, which are important to the story of the dimension
gap problem.

We observe that by the Kolmogorov-Sinai theorem, the measure-theoretic en-
tropy h(up) has the simple form h(pp) = — > 7 | pnlog p,. We define the Lyapunov

exponent of an ergodic measure p (with respect to the map 7') by

x(p) = /log\T’!du

which measures the amount of expansion (or contraction) in the system from the

point of view of the measure p.
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In 1966 Kinney and Pitcher [KP2] first proved that the dimension of any
projected Bernoulli measure for the Gauss map was given by the formula

- e nl n
dim ,up — ZTZZI PnlOgp (39)

— [2log xdup(z)

provided that the entropy h(up) = —> oo pPnlogp, < co. Notice that is not clear
from (3.9) whether or not dim i, is less than 1. (3.9) is now known to be a specific
example of the more general result which says that for an ergodic invariant measure
with finite entropy we have the following closed-form formula for the dimension,
which links the dimension of the measure with the entropy and Lyapunov exponent

of the measure (see for instance Theorem 4.4.2 in [MUI]).

Proposition 3.2.1 (Volume Lemma). If p is an ergodic T-invariant probability
measure on [0,1] and h(u) < oo then the Hausdorff dimension of p is given by

h(p)

dimpy = ——+=.
x(p

~—

It is also a classical result that the dimension of the repeller J is encoded
as the zero of the pressure. This result in our setting was proved by Mauldin and
Urbanski, see for instance Theorem 3.15 in [MU3].

Proposition 3.2.2 (Bowen-Manning-McCluskey formula). Let J be the repeller of
T. Then A = dim J satisifes P(—Xlog|T’|) = 0.

In 1978, Walters [W] developed the thermodynamic formalism of countable
branch expanding maps, where he proved a generalised Ruelle-Perron-Frobenius
theorem for countable branch maps and potentials with sufficient regularity. He used
this to prove the existence of a unique Gibbs state up for the potential —log |T”|.
Moreoever he proved that up satisfied a variational principle and was the unique
equilibrium state for —log |T”|, that is, the unique absolutely continuous measure
for the system. This means that for all invariant probability measures u # pup with
[log |T"|dp < o,

h(p) — /log T |dp < h(pr) — /log 1T’ |dpr = P(—1log|T']) = 0

where the last equality follows by Proposition 3.2.2. Notice that this implies that
for any invariant measure p for which [log|T”|du < oo, then

(1)

dimpy=—-=-<1
x (1)

>
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with equality if and only if 17 = p. Therefore if pr # pp for any p € P, then pro-
vided h(pp) < oo, Walters’” work implies that dim pp, < 1. No further quantitative
information about the size of dim up can be obtained via this approach.

The next major breakthrough was in 2001, when Kifer, Peres and Weiss
[KPW] showed that under some additional assumptions on the map T, Suppep dim pp <
1 — % for some constant 7 that could be made explicit. In particular, under the

assumptions that

1. there exists some s < 1 for which

Z |Z,|° < o0,

neN

2. the absolutely continuous measure pr is not a Bernoulli measure,

they proved that there existed a dimension gap, that is, suppep dim pp < 1 — 4 for
some constant ¢» > 0. Importantly, their formula held even when pp had infinite
entropy.

In particular, they applied their results to the Gauss map, and obtained that

sup dim pp < 1 — 1077,
peP
They also gave a characterisation of when one is in the setting that 7 is not

Bernoulli: they showed that pr is Bernoulli if and only if
FoToF™' islinear (3.10)

where F' is the diffeomorphism F'(¢) = u([0,t]).

Their proof was separated into two cases, dependent on whether the entropy
of the measure was finite or infinite. The infinite entropy case was tackled by looking
at ‘short expansion intervals’ and the finite entropy case was tackled by looking at
sets of large deviations for the frequency of certain digits from the one provided by
ur. We will provide the proof for infinite entropy measures in section 3.4, and for
now we describe their proof for the case where the entropy is finite.

The proof for the finite entropy case follows from looking at the dimension
of sets of points whose symbolic coding sees a frequency of a certain digit appearing
which differs from the one corresponding to the absolutely continuous measure pr.

Their approach is as follows. Suppose that p7 is not Bernoulli and let pp be some
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Bernoulli measure. For a finite word w € ¥* and § > 0, fix

nZ1 (T'z) — pr(Zw)

n—oo

e = {x € (0,1) : limsup

>4 } .
Observe that if w € ¥* is some word for which

lp(Zw) — pr(Zw)| > 6

then by the Birkhoff Ergodic Theorem, 1p (T'%,) = 1 and so dim pp < dim e,
Since pr is not Bernoulli, there exists some word a € ¥* for which pr(Zaa) #

(ur(Za))?. Let
5 — 7 (Zaa) — (NT(Ia>)2’
4 3

Fix p and put § = |pp(Za) — pr(Za)|. Then it follows that

> 0.

7 (Zaa) = (p(Za))?| = |7 (Taa) = (h7(Za))*| = (17 (Za))* = (1p(Za))?|
= |pr(Zaa) = (n7(Za))?| = |17 (Za) — pp(Za) |7 (Za) + Hp(Za)]
> 301 — 20.

Therefore, if § < dp, dim pp < dimT3% and if § > 67, dim pp < dim I < dim Y7,

Therefore

sup dim pp < max{dim '%Z, dim T3T'}. (3.11)

pPEP

aa’

Kifer, Peres and Weiss then proved that for any 6 > 0

supdimI'd, < 1
w
which in light of (3.11) implies the existence of a dimension gap.

In [KPW] the authors also present analogous results for k-step Markov mea-
sures. More recently, Rapaport [Rap| extended the work of [KPW] to the non-
stationary case, to show that there is a uniform dimension gap for all measures with
respect to which the digits of the f-expansion are independent but not necessarily

i.i.d. Notice that these measures will no longer be invariant.
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3.3 Main result

In this section we present and discuss the statement of our main result of this
chapter; a theorem about the existence of a dimension gap under some different
assumptions to the analogous theorem in [KPW].

Before we state the result, we introduce some additional notation: for a finite
word w € X* we denote the periodic point in ¥ obtained by repeating the finite
word w by (w)* (note that since 3 is the full shift space this is well defined for any
w € ¥*). We denote the projection of this periodic point (which is periodic for T')
by zw = II((w)>).

For simplicity, in what follows we’ll assume that if 77 > 0 then Z; = (0, a)
for some a < 1 and if 77 < 0 then Z; = (b,1) for some b > 0.

Theorem 3.3.1. Let T : U,enZn — [0,1] be an Ezpanding-Markov-Rényi map
such that

(1) Non-linearity condition.
T,(Zl)T/(ZQ) 75 T,(212)T,(221). (312)

(2) Polynomial decay of interval lengths. For some s < 1,

D | < .

neN

(3) Technical assumptions on derivatives. The derivative T' is monotone.
Additionally: (a) if T is an increasing map (T" > 0) then |T'(z1)| > 1 (b) if T

is a decreasing map (T’ < 0) then for all n € N, (T?)|z, must be monotone.

Then

supdimpp <1 -1
PEP

for some ¢ > 0.
Remark 3.3.2. In principle, ¥ can be estimated in terms of A, k, s and 0 where

T'(21)T"(22)

0 =|log ———————
08 T/(Zlg)T/(Zzl)

£ 0.

However, unfortunately for the Gauss map this yields a very poor estimate for the
gap compared to the one obtained by Kifer, Peres and Weiss. Essentially this is due

to the fact that k appears in several exponents in our estimate combined with the
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fact that k = 16 for the Gauss map. See Remark 4.6.4. For this reason, we choose

not to include an explicit estimate of 1.

We now discuss the three conditions that we impose on our maps. First
of all, the definitive ingredient which forces the dimension gap is the non-linearity
condition. Clearly, if T' was linear, the derivatives T"(21) = T'(212) and T'(22) =
T'(z21), and thus we’d have equality in (3.12). However, this condition should hold
for a generic non-linear map and as such, 6 can be thought of as a constant that
measures the amount of non-linearity in the system.

The second condition is satisfied when the diameters of the intervals |Z,,| are
decaying polynomially. For instance, in the case of the Gauss map, it would suffice
to take any constant s > % The assumption that > |Z,|° < oo for some 0 < s < 1
isn’t usually equivalent to polynomial decay for the |Z,|. (For instance, consider the
example where |Z,,| = -5 whenever n is not a power of 2, and |Z,| = m whenever
n is a power of 2, where ¢ is a normalising constant. Clearly |Z,|° is summable but
not polynomially decaying for any s > %) However, in our setting it turns out that
these two assumptions are actually equivalent, since the monotonicity of 7" forces

{|Z1|} nen to be a decreasing sequence. In fact, if we define

S0 ::inf{s: Z|In]5 <oo} (3.13)
n=1

and

C
to := inf {t . |Z,,| < —for some uniform constant C’} (3.14)
nt

then sg = ty. We provide a quick proof of this fact.

Lemma 3.3.3. Let T be an EMR map that satisfies assumptions (1)-(3) and let so,
to be defined as in (3.13) and (3.14). Then so = to.

Proof. The first direction sg < tp is obvious. To see that sg > tg, let s > sp so

that > 7, |Z,|° < oco. So there exists a subsequence ny for which |Z,, |* < i

(if there were only finitely many such intervals it would contradict convergence of
the sum). Let {ni}ren be exhaustive, in the sense that for any n ¢ {nj}ren,

|Z,|° > % We'll show that ny is dense in the natural numbers, that is, we’ll show

that lim supy_, nT’fL“ = 1. The desired result will then follow since for sufficiently

large k we’ll have % < 2 and so for any ng < n < ngyq
1 1 n 2

TP — = —— KL 2

Nk Mgl Nk n
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that is, |Z,| < 4 for some uniform constant C.
ns

Suppose for a contradiction that instead lim supy,_, "Z:l =c>1. Lete>0

such that % + ¢ < 1. Then there exists a subsequence ny, such that % < § for all
1
1

/nk+

Tk 1 €
i < ¢+ 5. Moreover, for all ng, <n < g4, |Z,|° > and so

oo Mkj+1— 1

> . n —1—n
P D D
n=1

n n
I=1 n=ny, ki1 =1 kit1

o0

> Zl— - ki

Nk +1 Nk +1

o0

> Zl—ce:oo

=1
which contradicts the assumption that s > sg. Thus the result follows. ]

We also remark that (2) is equivalent to imposing the condition that
1
sup Z — < 0 (3.15)

by the bounded distortion property (Proposition 3.1.4). Therefore (3.15) and con-
dition (2) on the map will be used interchangeably.

Finally, we remark that (2) is a sharp condition. This boils down to the fact
that if the interval lengths |Z,,| were decaying too slowly, we could build a Bernoulli
measure by distributing all the mass on the cylinders indexed by higher digits which
are witnessing a slow decay, where the mass would be distributed proportional to the
length of each cylinder. Since the branches of T" which are indexed by higher digits
appear increasingly linear, this results in a projected measure with high dimension.
We make this precise in the following result. This result was pointed out to the

author via personal communication with Thomas Jordan.

Lemma 3.3.4. Suppose there does not exist s < 1 for which

> |Za)? < oo

neN

Then for any t < 1 there exists a probability vector p for which dim pp > t.

Proof. Let t < 1, then by assumption

o
> |Za|f = o
n=1
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Thus, we can choose some large N for which

for some k£ > N. Fix py = (p1,p2,...) where

_ 0 n<N or n>k
p"_{ Tl N <pn<k

where ¢ is a normalising constant so that ZZ: n ¢lpn| = 1. Consider the Bernoulli

measure fip, . By Proposition 3.2.1, since h(pup, ) < oo it follows that the dimension

dim pp, = zgzzi’fg By Proposition 3.1.4, log |T"(z)| < —log|Z,| + % for x € Z,.

Therefore

— Zﬁ:N c|Z,| log c|Z,, |t
— Sk _y elZalt(log [Z| — £25)
—t 38 (e|Tu[tlog|Z,]) — log e
— Sh N (elTalt log | Zal) + £25

dim pp, =

Since N can be chosen arbitrarily large so that — Zﬁ:N(C\In\tlog |Z,.]) is
arbitrarily large, we deduce that dim pp, — t as N — oo, and so we are done.
O

Now we move on to the third assumption which we make on the map T
in Theorem 3.3.1. Nomne of the conditions within this assumption are necessary
for the main portion of our proof; indeed we obtain a uniform upper bound for the
dimension of all Bernoulli measures for p for which p; and ps are uniformly bounded
from below away from 0 without using any of the assumptions in (3). However, in
order to extend the results to the whole simplex P we need to observe how entropy
and Lyapunov exponents change when shifting small amounts of mass in a given
Bernoulli measure. When T is an increasing map, we understand how the Lyapunov
exponents behave under the technical assumption that 7" is monotone, and when
T is a decreasing map we understand how they behave under the assumption that
both T" and (T?)'|z, are monotone (Vn € N). For this reason, it makes it necessary
to impose these conditions on the map, since without them we are unable to use our
current tools to understand how Lyapunov exponents change under redistribution
of mass. The technical assumption that |77(z1)| > 1 whenever T is increasing is

necessary in order to estimate dim pp, for probability vectors p where py is close to 1.

49



Essentially, this is down to the fact that this forces the Lyapunov exponent of such a
measure to be bounded away from 0. An analogous condition is not required when T’
is decreasing since in this case it is immediate that |77(z1)| > 1 due to the geometry
of the map. In light of the above, it seems as though the technical assumptions on
derivatives in (3) of Theorem 3.3.1 should not be necessary in general, but are just
a byproduct of the tools (which appear in Chapter 5) that are used.

We now compare our result to the analogous result of Kifer, Peres and Weiss
in [KPW]. In their result, they require the absolutely continuous measure to not
be a projected Bernoulli measure. By Proposition 2.5.8, ur is not Bernoulli if and
only if —log|T”| is not cohomologous to a Bernoulli potential fp, = oo logpp1lz,.
Furthermore, by properties of cohomologous functions, this implies that if ur were
Bernoulli, the Birkhoff sums of —log|T”| should coincide with the Birkhoff sums of
fp (for some probability vector p) on all periodic orbits. Therefore, in order to verify
that one is in the setting where results from [KPW] can be applied, it is enough to
check that for any p € P, there exists a periodic point x of period n such that

— S, log|T"(2)| # S, log fy(a) (3.16)

which can now be verified purely by studying derivatives of the map at various
points in the orbit of a periodic point.

Therefore, our assumptions are stronger than the assumptions in [KPW].
This is because our non-linearity condition (that |T7(z1)T"(22)| # |T'(212)T"(221)|)
implies that for all p there is a choice of x € {z1, 29, 212} for which (3.16) holds, or
in other words, we see some non-linearity in the first two branches of the map T.
In contrast, a map where the first two branches were linear (but there was some
non-linearity amongst the later branches of the map) would fail our condition but
typically satisfy the condition from [KPW]. The reason why we have to impose this
stronger condition is again a byproduct of the tools used in Chapter 5.

Another aspect in which Theorem 3.3.1 and the analogous result in [KPW]
differ is that in order to use the result in [KPW] to obtain quantitative information
about the size of the dimension gap, one needs to know what the absolutely continu-
ous measure pr is, since the gap depends explicitly on how much mass pr attributes
to certain cylinders. In light of this, one minor benefit of our result is that the es-
timate for the dimension gap can be quantified purely in terms of the derivative of
the map at certain points, and thus no information about the absolutely continuous

measure pr is required.
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3.4 The infinite entropy case

In this section we obtain an upper bound for the dimension of Bernoulli measures
with infinite entropy, where we cannot use the formula in Proposition 3.2.1 to calcu-
late the dimension. We begin with a modification of Theorem 4.1 in [KPW] which
provides an upper bound on the dimension of the set of points which belong to in-
finitely many cylinders whose diameters are contracting faster than some rate A. In
particular, define J,, () =17, ;, if z € Z;, ;,, that is, J,(x) is the ‘level n’ cylinder
that = belongs to, and define

&= J{ze0,1): |Ju(x) < exp(—An)} (3.17)

Jj=ln=j

to be the set of all z whose cylinders shrink faster than exp(—A\) infinitely often. We
begin by getting an upper bound on the dimension of £, which is closely related
to the dimension of any measure with Lyapunov exponent greater than A. This will
then allow us to bound the dimension of any measure which has infinite Lyapunov
exponent. As a consequence we will also be able to bound the dimension of any
measure that has infinite entropy.

Denote

q = log < sup Z ‘T/(Tl—l)|s> < 00 (3.18)

n &L

where s is given by (2) of Theorem 3.3.1. In Section 4.4 we’ll use the upper bound
that this induces:

) LI (3.19)
(T )]

neN
for all = € [0,1].
The next result provides a bound which is sufficient for our purposes, al-
though it is a rougher bound than the one given in Theorem 4.1 in [KPW]. However,

this modification allows us to significantly simplify the proof.

Lemma 3.4.1. Let A > 0 and €y be defined as in (3.17). Then

dim&, < s+ (3.20)

>

where q was defined in (3.18).

Proof. The idea behind the proof is straightforward: we choose the natural cover
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for £, and show that the sum of the uth powers of the diameters of sets in this cover
is finite, for any u > s + {.

In particular, define
S, =1{Zj :j€N" suchthat |Zj] <e M}

So &, consists of all cylinders which are seeing the ‘right decay rate’ at time n.
Notice that | J,~,, S, is a cover of &, for any m € N.
For any s <u < 1,

1
Z |I|u < e—)\n(u—s) Z ’I|s < e—)\n(u—s)/ |Jn($)‘s_1dl‘ (321)
0

IeSy 1eS,

1
< Clse)\n(us)/ |(Tn)/(x)‘lfsd$ (322)
0

where the last inequality follows by Proposition 3.1.4 and C = exp (%) as in
(3.1.4).
Next we estimate the integral fol |(T™)|'~*dz. By applying the chain rule

and a change of variables,

! /! 1— ! / — —1\/ 1—
/0\<T><x>r dz =/0 S @) ) 1@ @) dy

zeT 1y

1
el /0 (T ()] dy

N

where the second step follows by (3.19). Therefore by induction,

1
/ (T™) ()] 5da < ™. (3.23)
0
By combining (3.22) and (3.23) we obtain

Z ‘I’u < Cl—sen(q—A(u—S)). (3.24)
IeS,

Now, to see (3.20), first suppose that there exists some s < u < 1 for which
A(u — s) > ¢. Since this makes (3.24) summable in n and since |-, S, is a cover
for &y, it follows that dim &) <
A(ug — s) = ¢, we have dim &y < up = s+ {.

On the other hand, if A(u—s) < gforall s < u < 1, it follows that A(1—s) < ¢

u. In particular, setting ug to be the solution to
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and therefore s + ¢ > 1 and so trivially dim&, < s+ . O

Since any ergodic measure will see a specific rate of decay on a set of full
measure, the above result allows us to get a good upper estimate on the dimension
of any measure which has a large Lyapunov exponent. In particular, we can use this
result to guarantee that any measure with infinite entropy (and therefore infinite

Lyapunov exponent) will have dimension at most s.

Lemma 3.4.2. Let up be a Bernoulli measure such that h(pp) = co. Then

dim pp < s

Proof. We’ll begin by showing that if h(pp) = oo then x(pp) = co. By Proposition
3.1.4,
1

o)
X (pp) Z/log T\ dp =) pp(Zn logm—c (3.25)
n=1

for some constant C' > 0. For any N € N we have

N

Iz

—Zup )log ip(T) + Y ip(Tn log!I!—Zup Jlog 2
n=1

pp(Zn)
N N
— . IU’P(IH) o |In’
- ; o) nzz:l EnNzl pp(Zn) o pp(Zn)
3 N A
<> mp(Za) -Tog (Y —).
n=1 n=1 _1 bp(Ty

In the final step we used Jensen’s inequality and the fact that log is a concave
function. Since Y .2, |Z,| = 1 the upper bound converges to 0 as N — oo . It
follows that if —> >, up(Z,)log pp(Z,) = oo then — > 7 | pp(Zy)log|Z,| = oo.
By (3.25) this implies that if h(up) = oo then x(up) = oo. Thus for p, almost

every x,

hmlnf—Zlog|T’ (T*(x))] = oo

Fix arbitrary A > 0. Then for pp almost every x

inzjlog T (T*(z))| > 2X (3.26)
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for all n sufficiently large. By rearranging (3.26) we obtain that for all x that satisfy

(3.26), there exists a subsequence ny such that
(T ()| < exp(—2Any,)

for all £k € N. By Lemma 3.1.4 this implies that

l l
|Jnk (x)| < exp <1K’_AA> ‘(Tnk)/(x)rl < exp (1’{_AA> exp(—2Ang) < exp(—Ang)

along the subsequence ny. Therefore x € &).
By Lemma 3.4.1 we know that dim £y < s+ {. Since pp(€x) = 1 for all A it
follows that dim pp < s+ ¥ where ¢ is given by (3.18), and since A was chosen to

be arbitrarily large, the result follows. O

3.5 Structure of proof of Theorem 3.3.1

Since we saw in Lemma 3.4.2 that the dimension of infinite entropy Bernoulli mea-
sures is bounded above by s, we can now restrict our attention to finite entropy
Bernoulli measures. Our proof of Theorem 3.3.1 is split into two parts. Firstly, in
Chapter 4, we use a thermodynamic formalism approach to study the dimension of
Bernoulli measures pp, where p satisfies some conditions on its weights p,. Given
a probability vector which satisfies these conditions, we can obtain the dimension
of the corresponding Bernoulli measure as the derivative of an associated function
Bp- The problem then reduces to obtaining a ‘global bound’ on the convexity of fp,
that is, a uniform lower bound on the second derivative of 8. This approach was
proposed by Kessebohmer, Stratmann and Urbanski and outlined in a talk given by
Kessebohmer in [Ke].

In Chapter 5 we consider Bernoulli measures up where p does not satisfy the
conditions on the weights p,, which were required for the above approach. By ‘re-
distributing mass’ within such a Bernoulli measure jip, we can obtain an associated
Bernoulli measure pp+« which does satisfy the conditions. The problem then reduces
to estimating the change in the entropy and Lyapunov exponent, in order to obtain
an upper bound on dim pp in terms of dim pip«.

In order to make this precise, we need to introduce some notation pertaining

to various subsets of the simplex P.

Definition 3.5.1. Define Py to be the set of all probability vectors p = (p1,p2,...)
for which
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. 25+2
(a) dimpp > 5.

(b) p has all strictly positive entries, possibly apart from a tail of zeroes. That is,

pn # 0 unless pp, =0 for all k > n.
(c) % is bounded in n.

Chapter 4 will be dedicated to studying the dimension of pp for p € Py.
Apart from (b), which is just a condition which makes the exposition of our ar-
guments neater, the other conditions in Definition 3.5.1 are necessary in order to
use the aforementioned thermodynamic formalism approach that we will employ in
Chapter 4. In particular, conditions (a) and (c) will guarantee analyticity of Sy
which is associated to the probability vector p. Notice that (c¢) implies that the
entries p, decay polynomially at a rate that matches the polynomial decay rate of
the intervals |Z,|. Also, notice that by Lemma 3.4.2, for any p € Py, the entropy

2542

h(pp) < o0, since for 0 < s < 1 we have s < S o Therefore, by Proposition 3.2.1,

h(pp)

for any p € Po, the dimension dim pp = )

. The importance of condition (a) is
explained in Remark 4.1.4.

It will turn out that restricting to p € Py will still not be enough to get a
uniform upper bound for suppcp, dim pp using only the thermodynamic formalism
approach. In particular, we will only be able to get uniform upper bounds for
dim pp if we restrict to a subset of Py where the entries p; and ps are uniformly
bounded away from 0, that is, up gives some uniform amount of mass to the first

two cylinders. The relevant notation is introduced in the following definition.

Definition 3.5.2. (i) Define P* C Py to be the set of probability vectors with
non-zero entries, that is, all p = (p1,pa,...) for which p, > 0 for all n.

(ii) Define P™ C P to be all p = (p1,p2,...) for which py > 0 for all k < n and
pr = 0 for all k > n, which correspond to Bernoulli measures which are fully
supported on the first n cylinders. Let P> = J, e P"-

(i7i) Define P. to be all p € Py for which p1, pa > € and PX = P*NP..

(iv) For n > 2 define Pl = P. N'P". Finally, define

Pe=|JPr
n=2

and notice that P, = PZ U PC.
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Therefore the key piece of notation above is P. which denotes all p € Py for
which p1,p2 > €. The other notation just describes how P is divided into the set P}
of probability vectors which have all non-zero entries and the set PZ° of probability

vectors which end in a tail of zeroes. Notice that

Po=JP- (3.27)

e>0

As we alluded to earlier, we can only get a uniform upper bound for dim pp, for
p € P., whenever ¢ is fixed. This estimate will be dependent on €, and approaches
1 as € = 0. Therefore, we are forced to calculate supycp,_ dim pp for different values
of € > 0 and postpone a uniform result for suppcp, dim pp till a later chapter.

In fact, our estimates for suppep dim pp will also depend on another pa-
rameter § > 0. This parameter emerges via the flexibility in the thermodynamic
formalism approach; for the precise meaning of this parameter see Remark 4.1.5.
For each 6 > 0 sufficiently small, we will be able to obtain a distinct upper bound

for suppep, dim pp. The main result of Chapter 4 is the following theorem.

Theorem 3.5.3. For all § < % (where 0 is defined in Remark 4.1.5) and e

sufficiently small there exists a ‘gap constant’ G.s > 0 for which

sup dim pp < 1 — Geps.
pePe
By using the same tools as Chapter 4, we can also get an independent bound
for the dimension of any measure pp where p € Py and its first entry p; is ‘close
to 1. In particular, p; will assumed to be p; > &, where £ € (0,1) is some fixed
constant which is given explicitly in (B.1). Crucially, this estimate gives an upper
bound on the dimension of a measure pp for p € Py with no further restrictions on

the size of po. We obtain the following result.

Lemma 3.5.4. There exist constants 0 < ¢ < 1 and 0 < & < 1 such that for all
p € Py with p1 > &, we have the bound

dim pp <1 — ¢.

The proof of this lemma is a condensed and considerably more straightfor-
ward version of the arguments presented in Chapter 4, owing to the fact that in

Chapter 4, at each step in the proof of Theorem 3.5.3 uniform estimates have to
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be obtained which hold for all p in the more general class P.. For this reason, we
prove Lemma 3.5.4 separately in Appendix B, where we also give an explicit value
for €. This appendix should only be read after finishing Chapter 4.

Theorem 3.5.3 and Lemma 3.5.4 and their thermodynamic formalism proofs
give us some partial estimates on dimpu, for p € Py, but in Chapter 5 we turn
to using a ‘mass resdistribution’ approach to tackle estimates on SUPpeP\ Py dim pp
and to obtain a uniform upper bound for sup,ep, ., <¢ dim pp. First, we will prove
the following result which means that in order to prove a dimension gap which is
uniform over the whole simplex P, it suffices to restrict our attention to Py \ P, for

some € > 0.

Theorem 3.5.5.
sup dim pp < sup dim pp.
pP<EP\Po pEPo

Therefore, it remains to figure out how we can convert a uniform upper
bound for suppcp, dim p1p into a uniform upper bound for sup,ep, ., <¢ dim pp. This
is precisely where it comes in useful that we have upper bounds sup,ep_ dim pp <
1 — G, s for various values of the parameter 4 > 0 in Theorem 3.5.3. In particular,
by using the ‘mass redistribution technique’, we will show that there exists some
d > 0 and € > 0, such that for any p € Py \ P. where p; < &, there exists p* € P,
with dim pp < dim pp + E(g) and moreover, E(g) < $G.s. This is proved in the
following theorem in Chapter 5.

Theorem 3.5.6. There exists § < % and some € > 0 such that
. 1
sup dimpp <1 - -Gep.
PEPo\Pe:p1<€ 2

Clearly, Theorem 3.3.1 follows from Lemmas 3.4.2, 3.5.4 and the Theorems
3.5.3, 3.5.5 and 3.5.6.
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Chapter 4
Estimating the variance

The main goal of this chapter is to prove Theorem 3.5.3, that is, to prove that for

all € sufficiently small and all § < %, there exists some constant G, 5 > 0 for which

sup dimpp <1 —Ggp.
pEP:

As the notation suggests, for each ¢ > 0 we get a range of different upper
bounds for supp,cp, dim pp, each of which depend on the initial choice of §. One
might wonder why we do not just present the best value of G, s, that is, the one that
yields the least upper bound for sup,cp,_dim pp. The reasoning behind this is that
in Chapter 5 we will work on approximating suppep,\p. dim pp in terms of 1 — Ge s
and some term FE., which crucially will only depend on e. In order to demonstrate
the existence of a dimension gap, we need to ensure that 1 — G.5 + E. < 1, and
thus we need to have the flexibility to choose a suitable candidate for § and & which
will guarantee this.

Recall that | J,., P- = Po and therefore throughout this chapter we will only
consider p € Py. Initially, many results will be stated which hold uniformly for all
P € Py, although later on in the chapter several results will be dependent on €.

Consider a measure up for p € Py. In order to study the dimension of yp, in
Section 4.1 we will reformulate the problem as a question concerning the analytic
properties of a particular function 3,. We will then see that the problem reduces
to finding a lower bound for the variance of some potentials. In Section 4.2 we will
rewrite the variance as an integral, which will provide us with a geometric framework
within which we can develop a strategy to make estimates on the variance. At that
point we will be ready to outline the structure of the remainder of the chapter, which

will be split into proving various properties of the function and measure which are
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involved in the integral. These combined together will produce the desired lower
bound.

4.1 Relating the problem to the study of the analytic

properties of 3,

In this section we reformulate the problem of finding an wupper bound for the di-
mension of up for p € Py into the problem of finding a lower bound for the second
derivative of some function fp. Before we define 3y, we introduce some notation.

For p € Py, let N, = {n € N : p, # 0}. By definition of Py, either N, = N
or Np = {1,...,N} for some N € N. Let T}, denote the map consisting only of
branches 7;, for which n € Np. This means that the map T, will either be the map
T or an approximation 7|y of T for some N € N, which defines a dynamical system
on its corresponding repeller J, = Jy, where these objects are defined as follows.
We define the Nth approximation 7 y) of T" to be the map made up of the first N
branches 71, ..., Ty. Similarly to (3.1) and (3.2), Ty can be coded by the full shift
on N symbols (X, 0) and its repeller is defined as

Iy =01\ J 1™ ({OUIN+1 U In}>
n=0 n=N+2

where I : ¥ — [0, 1] given by

(i) = lim T; " o+ o T, ([0, 1])

n—o0 tn

sets up a correspondence between ¥ and Jy.
For p € Py define the Bernoulli potential fp : Jp — (—00,0] by

fp = Z Ingn]-In-

neNp

Notice that fp is the Gibbs potential for the Bernoulli measure ;. We are

now ready to introduce the function Sp.

Definition 4.1.1. Fiz a probability vector p = (p1,p2,...) € Py. We can define the
function By : [0,1] — [0, 1] where pp(t) is defined implicitly as the solution to

P(=Bp(t)log [T'| + tfp, Tp) =0 (4.1)
where P(-,Tp) denotes the usual pressure function for the map Tp.
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Note that it is not immediately obvious that 3 should be well-defined; this
fact will follow from Proposition 4.1.2.
We denote the function that appears inside the pressure in the definition of

Bp as gpt: Jp = R

gpt = —Bp(t) log [T + tfp. (4.2)

Since by definition P(gp:) = 0 < oo, by Proposition 2.5.7 we know that there
exists a unique Gibbs measure for gy, ; which we will denote by pp ;. Clearly pip; is
supported on Jp.

The function fBp will be the object of our focus throughout this section. In
the following proposition we summarise its important properties. Recall that s was

fixed in Theorem 3.3.1 to be some constant 0 < s < 1 for which ) |Z,|* < oc.

Proposition 4.1.2. Let p € Py. The function Bp : [0,1] — [0,1] satisfies the

following properties:
1. Bp(t) is conver and decreasing on [0, 1].
2. Bp(t) is analytic for t in (a) a neighbourhood of 1 and (b) fort € (0,tp) where

tp = inf{t : Bp(t) > s}. Moreover for these values of t the first derivative of
Bp (with respect to t) is given by

- dpp,t
/ t) = ffp b, 4.3
/Bp( ) flog T |dpep ¢ (4.3)
and the second derivative is given by
o’ (=BL(t)log |T'| +
1 = Thes O ']+ fp) wa

Jlog |T"|dpp ¢
where the variance is associated to Tp.
3. 0< Bp(0) <1 and fp(1) =0.
Moreover, these properties determine the graph of Bp(t); see Figure 4.1.

Proof. For the first part, observe that

P(=Bp(t)log |T"| + tfp) = lim 3 (piy - -pi,)t
) oo\t [T (G )|

For each n, as t increases the numerator of each term in the corresponding sum

increases. Therefore by passing to the limit we see that as ¢ increases, fp(f) must
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decrease accordingly to ensure that P(—fp(t)log|T"| 4+ tfp) = 0 for all t. To see
that fp is convex, notice that for any n € N, and a,u,t € (0,1)

> il el
T (i1 - in) )P0 [T (i1 1)) [T

a
U

Py, Dy, P, - Dy,
2 [(T) (TI((i1 - - - i) ) ) [P ® 2 [(T7) (TL( (i1 - - - i) ) ) [P ()

i1,.yin ENE i1,.yin ENE
by Hoélder’s inequality. Therefore
P(—(aBp(t) + (1 — a)Bp(u)) log |T"| + (at + (1 — a)u) fp)

< aP(=Pp(t)1og|T'| + tfp) + (1 — a) P(—Pp(u) log [T'| + ufp) = 0.

Therefore it follows that Sp(at + (1 — a)u) < aBp(t) + (1 — a)Bp(u) since when ¢t is
fixed, P(—=blog |T"| + tfp) is decreasing in b.

To prove the second part, we will use the Implicit Function theorem and
Proposition 2.5.11. First, observe that for all (¢, 3) € [0,1] x [s, 1],

P(=Blog|T"| +tfp) < P(-Blog|T"])

1 1
= anéonlog< 2. ](T“)/(x)|f3>

r:Trr=x
o1 KA nh
< lim —log Z <exp<1_A>> 1Zi, |7 - T, |
21y-e5tn

1 kAL (& "
= lim - A
e (25 (£

> kAL
= log<Z|Ik|B>+<1_A) < 00.

k=1

By Proposition 2.5.11, it follows that P(—Slog |T'| +tfp) is analytic for all (¢, 3) €
[0,1] x [s,1].

Similarly, we can also show that there exists £ > 0 such that P(—glog|T"| +
tfp) is analytic for all (¢, 3) € [1 —¢,1+¢] X [—¢,¢]. By our assumptions on T, there
exists 7 > 0 such that Y, |Zn|'™" < oo. Also, since p € Py there exists C > 0
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such that 22 < C for all n € N. Therefore,

[Z.]
oy CTT Y LT < 0.

neN neN

Let (t,8) € [1 — 5,14 5] x [=5,5]. Then
P(=Blog|T'| +tfp)

. ]- _r . . r
< lim —log Z (Diy - - pi, ) 2 |(T™Y (T (i1 . . ) ™)) 2

n—oo n
i1...in, EN?

.1 _y [ . . voor (T
= lim ~log [ > (i pi)" iy - pi) 2T (T(iy i) 2

n—o0o N
i1...in END
im e (piy - pi)? kAL \\ "2
< lim —log (piy - - .pin)1 r M Tn) " (exp
e n 11..%Nn (IZi,] - - - 1T ])2 1-A

< lim 11 (D -+ p3,) T C"2 R )Y
\nl—>nolon 0g Z Piy - Piy exXp 1—-A

i1...in, ENT

r [ kA r 1—r
=3 (1—A> +log C'2 + log (Zpk > < 0.

keN

Therefore, by Proposition 2.5.11, P(—flog|T’| + tfp) is analytic for all (¢,3) €
1—5,14+ 5] x[-5,5]

By the Implicit Function theorem, [, (t) is analytic for ¢ € (0,¢p) and in a
neighbourhood of 1.

To verify (4.3) and (4.4) we follow the arguments of Ruelle [Ru]. To verify
(4.3), we differentiate (4.1) and apply the Implicit Function theorem to deduce that

—B;,(t)/log|T’|dup7t +/fpdup7t =0. (4.5)
To verify (4.4) we differentiate (4.5) to obtain

d([log|T'|d d d
0) [ a7y + gy UL Wtna) T Solns)

By Proposition 2.5.13

d ([ log |T"|dup,i
( dt ")=aip,t<—6;<t>log\T’|+fp7long’l>
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and

d ff dp t
(;tp) — O‘ip,t(_/B;)(t) 10g\T'| +fp7fp)
and therefore
_ ap (=Bp(t)log [T + fp)
Jlog | T |dpip ¢

(4.6)
For the third part, observe that by Proposition 3.2.2, P(—sp log |T"|,Tp) =0

where sp = dim J, < 1 (so in particular fp(0) = 1 when p € P* since Tp, = T') and
since P(fp,Tp) = 0 it follows that 8p(1) = 0.

\

O]

B(t)

. A

Figure 4.1: An example of the graph of fp(t) when p € P*.

Notice that since fp(1) = 0, it follows that pup1 = pp. By examining the
formula (4.5) for the derivative 8, (t) at ¢ = 1 more closely, we observe that it is

possible to write dim yp as [5,(1)].

Proposition 4.1.3. For p € Py

hpp) [ fodppa

dim pp, = =—
M2 = N (ip) —  Jog [T'|dpp 1

= —Bp(1) = Bp(1)].

Proof. This is a direct consequence of Proposition 3.2.1, Proposition 4.1.2 and the

fact that pup1 = pip. O
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By rewriting dim p, as the absolute value of the derivative of a function, we
are now able to exploit the tools of calculus to find an upper bound on [8,(1)| =
dim j1p. For a fixed € > 0, we would like to show that £;,(1) is bounded away from
-1 uniformly for all p € P.. Thus, we are interested in showing that 3 is convex
in some compact interval of ¢, where the convexity is uniform over all p € P. and
t in the chosen interval. By Proposition 4.1.2, our choice of compact interval for ¢
is restricted to analytic domains of Sp(t), that is, the interval must lie either in a
neighbourhood of 0 or a neighbourhood of 1. Since the size of the neighbourhood
of 1 where f, is analytic is dependent on the decay properties of p,, whereas the
size of the neighbourhood at 0 is dependent on the decay properties of the intervals

|Z,.|, it will be beneficial for us to choose the interval to lie in a neighbourhood of 0.

Remark 4.1.4. Notice that for all t € [0,22], Bp(t) > 12 > s. To see this,

suppose that for some p € Py, PBp (%) < % Then since Bp(t) = 0 for all t and
since PBp(1) = 0 it follows that

1+ s _23+2

201-1%)  s+3

dim p1p = |8 (1)] <

which contradicts the fact that p € Py.
In many arguments throughout this chapter it will be important that Bp(t) > s

for all t € [0, %], in order to ensure summability of Y W for xz €

[0,1]. Thus in light of the above, we see that the assumption that dim pp, <
Definition 3.5.1 guarantees that for all p € Py, Bp(t) = s for allt € [0, %], which

allows us to employ this thermodynamic formalism approach.

Remark 4.1.5. For technical reasons that will become clear later on we will be
unable to obtain a uniform lower bound on ,Bg(t) for t belonging to a neighbourhood

of 0. Therefore, we will consider intervals of t of the form [%,(5] foré < %, and

on each such interval obtain a uniform lower bound for Bg(t) Each lower bound for

"(t) in [5, 6] will yield an upper bound of 1 — G5 for |B,(1)].

2 — B (#)1 T’ +
By (4.6), Bp(t) = it (f liZﬁT)'Elgul t‘ fp). Therefore we are interested in find-
P

ing an upper bound for the Lyapunov exponent x(up¢) and a lower bound for the
variance O‘Zp’ (=Bp(t)1og|T'| + fp). The Lyapunov exponent is not difficult to es-
timate from above, but we will delay this until Lemma 4.6.2. Instead, our primary

focus in this chapter will be obtaining a lower bound for the variance.
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4.2 Rewriting the variance

In order to obtain the desired lower bound on Bg(t), we need to obtain a lower
bound for the variance Uip,t(_ﬁé(t) log |T'| + fp). From now on we shall denote
fpt :[0,1] = RU {0} by

for = —Bp ) log |T'| + fp. (4.7)

This section is dedicated to rewriting ag,t( fp,t) in a way that will allow us to estimate
it from below. Note that [ fp dpup+ = 0 by (4.5). Recall that by (2.13) and the fact

that the variance is invariant under adding a coboundary, it follows that

Ug,t(fp,t) = /fg,tdﬂp,t +2 Z </ fp,t : fp,t © ngﬂp,t> (4.8)
n=1

for any function fp,t which is cohomologous to fp ;. The second term on the right
hand side of (4.8) is what makes it difficult to study lower bounds on the variance.
Therefore, our aim is to find a function fp,t which is cohomologous to fp ¢, that is,
a coboundary Up; — Up s o T, such that fp7t = fpit + Upt — Up o Tp, for which
the right hand term in (4.8) vanishes. Therefore, in the first part of this section
we introduce a family of transfer operators which will aid us towards obtaining the
appropriate function Up; which achieves the above, that is, U;t( fot) = fg,tdﬂp,t-
Once we have rewritten the variance as the appropriate integral, we’ll describe the
strategy for obtaining a lower bound on this integral and state the main results from
the remainder of the chapter which tie together to yield this lower bound.

In some sense, the rest of this chapter can be considered independently as
an approach for getting lower estimates for the variance of some potentials. The
variance is an important thermodynamic quantity that appears in many statistical
properties of dynamical systems such as the central limit theorem. However, rela-
tively little is known about explicit estimates for the variance and to our knowledge,
lower bounds for the variance have not yet been studied.

When estimating the variance, often it is useful to introduce a transfer op-
erator, particularly when using the characterisation (4.8). Generally, one has some
flexibility over the choice of space on which to define a transfer operator. We choose
to define it on the space of bounded locally Hélder continuous functions F, -1 since,
as it will become clear later on in the section, we will be interested in estimating
the Holder properties of certain potentials. In particular, we consider A~!-locally

Holder continuous potentials since A~ is the contraction rate of our cylinders, see
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Proposition 3.1.2.
In our case we will need a family of transfer operators which are parametrised
by p € Py and t € [0, 15].

Definition 4.2.1. For each p € Py and 0 < t < % we define the bounded linear
operator Ly : Fa-1 — Fpa-1 given by

Ly w(z) = Z egp,t(y)w(y)_

Tpy=x

Note that this can be written alternatively as

Losw(x) = Y et (T ).

neNp

Notice that each operator in the family above is well-defined since for all
t€[0,152], Bp(t) = s and so > nen, egpt(Tn @) < o,
It will be more convenient for us to work with the normalised transfer oper-

ator, whose existence we know about as a result of Theorem 2.5.9.

Lemma 4.2.2. For each 0 <t < % and p € Py there exists a normalised operator
Mpw = h;}tﬁp,t(hp,tw)

such that Mp1 = 1, where hp; is the unique fized point of Lp:. Moreover,
M itpt = ppt and dpip = hp dfip s where Ly fipt = fip,t-

Proof. By Theorem 2.5.9 and the fact that P(gp:) = 0, for each 0 < ¢t < % and
p € Py there exists a strictly positive function hp; € Fp-1, hpy @ [0,1] — R such

that Lp thpt = hpt. Therefore we can define
Mprw = h;,iﬁp,t(hp,tw)

and it follows that Mp ;1 = 1. Since pup; is the unique invariant Gibbs measure for
gp.t; by Theorem 2.5.9 it follows that My, ,up+ = pipt. Moreover, by Theorem 2.5.9
dpp,t = hpidfip where Ly, fipt = fip- -

The characterisation of the variance provided by (4.8) is more profitable for
producing estimates than the various other characterisations. When seeking upper
estimates, the second term on the right hand side in (4.8) can easily be dealt with,
for instance one can bound it above by knowing an explicit rate for the decay of

the correlation functions. However, when one is interested in lower estimates, this
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term makes the variance difficult to bound from below. Since (4.8) holds for any f, ¢
which is cohomologous to fp, it would be useful if we could find some fp; ~ fp

for which

/(fp,t) : fp,t © ngﬂp,t =0

for all n € N. Using the properties of the transfer operator, we rewrite the above as

/(f:p,t) ’ fp,t o ngﬂp,t = /Mg,t(fp,t : fp,t 0 Tg)d,“p,t
= /fp,t ) Mg,t(fpi)dﬂpi = 0.
Writing fpﬂg = fp,t T Up,t —Up 0T}y for some coboundary Uy, s —Up 0T}, it transpires

that the property we want is Mp ¢(fp,t + Upt — Upt 0 Tp) = 0. This leads us to the

following definition for Uy ¢, which we now fix.

Definition 4.2.3. For each 0 <t < % and p € Py define

Upt = ZMS,t (fp,t)
n=1

and
Jot = Jpt+Upt—UproTp.

We will have to delay the proof that Up, ; is well defined till Section 4.4 where
we will show that ||Up ¢||cc < 0o for all p € Py and ¢ € (0, 4].

As suggested above, it turns out that this definition for Uy ; fits our purposes.

Lemma 4.2.4. For allp € Py and t € [0, %];

Mp,t(fp,t) = Mp,t(fp,t + Up,t - Up,t o Tp) =0.
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Proof. 1t follows from definition that
Mpi(for) = Mpt(fpt)+Mpt( t) — Mpt( UptoTp)
= Mp(fpr) +ZM (fou) — ZM (fpi o Tp)
— ZM (four) ZM (fouioTp)

- ZM (fo.t) — ZMS,_tl(Mp,t(fp,toTp))
n=2

= pt(fpt) = ZM ¢+ Mp,(1))

n=1
= 0.

O

As an immediate corollary to the above, we can write the variance as a single

integral as we intended.

Corollary 4.2.5. We can write

Ui,t(fp,t) :/fg,tdﬂp,t-

Proof. By (4.8)

oo
Uf),t(fp,t) = /fg,tdﬂpi +2 Z / Joit - for o Tydpupy.
n=1

Therefore,
opt(for) = /fg,tdﬂp’t+2i/fp’t'fpvtOng”p’t
n=1
- /fg,tdﬂp,t + Qi/Mgi(fpvt Jpio Tp)dpp.
= /fptdﬂpt+22/fpt fPf)d'“Pt

= / fg,tdﬂpi
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since Mg,t(fp,t) =0 for all n € N. O

Now that we have managed to find a cohomologous function fp,t ~ fp,t such
that we can write the variance in the simple form Ug,t( Iot) = [ f&tdup,t, we can
shift our focus to how we plan to estimate this integral in a way that will give us
the ‘gap constant’ G. s that we are searching for.

We’ll begin by fixing p and ¢ and focus on a particular method of approxi-
mating [ fg’td,up,t for this specific choice of p and ¢. Then, using this method as a
blueprint, we’ll identify the obstacles we face before we can transform this ‘point-
wise’ estimate for [ fg,tdﬂp,t into a global estimate for more general p and t. We

begin with the ‘pointwise’ estimate for [ fﬁ,tdup,t for a fixed p and ¢.

Lemma 4.2.6. Fizp € P and t € (0, %] Suppose that

(i) [fpala-r < oo.

(it) There exists a periodic point II(i) = z € Jp of period n and ¢ # 0 such that
%Snfpﬂg(Z) =c.

Then there exists m € N and 1 < k < n such that

2
~ c
/fQ,thp,t = le’l'pvt(l.ikv-~wik+m—1)' (4.9)

Proof. Let z be a point of period n such that %Snfp,t(z) = ¢ # 0. Since %Snfpﬁt(z) =
%Snfp,t(z) it follows that there exists 0 < k < n — 1 such that |fp+(T%(2))| >
c. Without loss of generality we can assume k = 0, that is |fp(2)] > ¢. Since

[ fpﬂg] A-1 < oo we can choose m sufficiently large such that % < 5. Then for

all y € Z;, .. ;,, we have

m

[Jgp,t]Afl

Foil2) = Foal) L

N

< -
2

Since |fp,t(2)| > c it follows that |fp+(y)| > S. Thus it follows that
~2 c2
/fp,tdﬂp,t Z et Lisyi)-

O]

Therefore, by relating the variance 012)7,5( fpt) to the integral [ fg,td,up,t, we

can bound it from below by a ‘strip’ of the integral which is determined by an interval
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centred at an appropriate point in a periodic orbit which sees a large ergodic sum.
One simply needs to find a periodic orbit along which the ergodic sum of fp,t is
large, then make the interval width sufficiently small so that fp,t remains fairly
large within the appropriate interval.

We would like to use the strategy outlined above to estimate [ fatd,up,t
uniformly for more general p and t. We are using the word uniform in a loose way.
In order to be more precise about this, we need to examine the statement and proof
of Lemma 4.2.6 more carefully, in order to identify which estimates we’ll need to
make. By considering each of these in turn, we’ll see how each estimate depends on
p and ¢, so that at each stage we can choose the set of parameters for which the
corresponding estimate can be made uniform.

Firstly, we need to make sure that there exists a uniform constant ¢ > 0 such

that for any choice of p and ¢ we can find a periodic point 7"z = z = II(i) for which

|Sufpu()] > c (4.10)

If each pair of parameters p and t were to give rise to a distinct periodic point z,
this would cause difficulties with finding uniform bounds for the Hélder norm and
measure later on, thus we need to find a finite set Z of periodic points, such that
for any p and ¢ we can choose some z € Z that satisfies (4.10).

As an easy consequence of the non-linearity condition in Theorem 3.3.1, we’ll
see that we can choose the set of periodic points Z = {z1, 29, 212} and the constant
c= % such that for any p € Pp and ¢ € [0, %] we can choose some z € Z such that

4.10) will hold. We can now provide the statement of the relevant result.

Lemma 4.2.7. Let 21, 22,212,221 be the periodic points fized by (1) in Theorem

3.3.1. Recall that
T"(21)T"(22)

T/(Zlg)T,(Zgl)

Then for any t € [0, %], p € Py, there exists z € {z1, 22, z12} for which

0= ‘log > 0.

>

[ ) IS

1
55272

Secondly, we need to find an upper bound for | fp,t] A-1 which is uniform over
our set of parameters for p and ¢, so that we can also choose the cylinder length m
uniformly.

Since fpt = —Bp(t)log |[T'| + fp and fy is locally constant, the regularity of
fp.t essentially boils down to the regularity of —3,(¢) log [T'|. For p € Py, —f,(t) <
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%. Although we can slightly improve on this bound by remembering that for p € Py,
ﬁ;(%) > =t (50 that actually —Bp(t) < 1=5) | there is no way to make this
estimate uniform for small ¢. This means that if we let ¢ approach 0, we lose any
uniformity on the bound. This is essentially the same problem that we face when
we pass to approximating | fp,t] a-1 instead. Therefore, for the estimate on | f~p7t] A1,
the best uniformity we can hope for is the existence of a uniform constant Cj such
that for all § € (0,3%], p € Py and t € [$, ]

Co

[fpﬂf]A*l < 5

Once we have obtained the constant Cp, for each § and ¢ € [$,4] this will

correspond to a cylinder length m. This quantifies how small a cylinder we should
take in the symbolic space to ensure that fp,t(y) > g forally € Z; 4,
The following result is the main result that we prove which relates to finding

an upper bound on the Holder norm of fp’t.

Lemma 4.2.8. The function Up+ € Fpa-1 for allt € (0, %] andp € Py. Moreover,
gien any 0 < %, the seminorm [.]Ep’t]A—l < % for all t € [%,6], where Cy is a

uniform constant which is independent of p, § and t.

Finally, we need a uniform lower bound for the measure of the cylinder
tpt(Ziy. i, ), where this time ‘uniform’ means over all z = II(i) € Z as well as for
p and t in our choice of parameter set. Since the cylinder length m will have been
fixed uniformly by the previous lemma, we can focus on getting a uniform bound

on the cylinder pp (Z;, .. 4,) for any fixed n. Since pp is Gibbs,

. Y4
s i) > Col e e
where Cp+ are the constants coming from the Gibbs property for up ;. Clearly the
measure of this cylinder cannot be bounded uniformly from below for all p € Py
since p;,, ..., p;, could be arbitrarily close to 0. As a consequence of Lemma 4.2.7,
Diyy- -+ Din, € {P1,P2}, thus we need to have some control over how small p; and po
can be. At this point it becomes necessary to fix some € > 0 and we can only hope

to get uniform estimates for pp (Z;,..4,) over p € P, and II(i) = 2z € Z.

1...%n

The main result relating to this estimate is stated below.

Lemma 4.2.9. Define

i 1
= 1n
T r€I1UIs ‘T’(l’)’

. (4.11)

71



There exists some constant C' > 0 such that for all e > 0, t € [0, %] and p € Pe,

min{pp(Ziy. i)} = C e

for every n € N, where the minimum is taken over all 11(i) = z € {21, 22, 212}

The remainder of the chapter is organised as follows. In Section 4.3 we prove
Lemma 4.2.7. In Section 4.4 we introduce some Hilbert-Birkhoff cone theory and
use this to prove Lemma 4.2.8, which comprises most of the work. In Section 4.5
we prove Lemma 4.2.9. Finally, in Section 4.6 we tie the proofs of the last three
lemmas together to obtain a lower bound on the variance and use this to prove the

main result of that chapter, that is, an upper bound for sup,cp_dim pup.

4.3 Existence of good periodic orbit

In this short section we prove Lemma 4.2.7, that is, we show that there exists a finite
set Z of periodic points and a constant ¢ > 0 such that for any choice of p € Py
and t € [0,15%] we can find a periodic point 7"z = z € Z such that the ergodic
average %Sn fp,t(z) > ¢. This choice of periodic orbit which sees a large ergodic sum
will determine where we centre the ‘strips’ of the integral that will provide us with
a lower bound for [ f?,,td/lp,r

Importantly, since fp: and fp are cohomologous, Sy, fp+(2) = Sy fp+(2) for
any periodic point 7"z = z which means that we only actually need to study how
large fp: is along periodic orbits.

The key ingredient for the proof of Lemma 4.3 is the non-linearity assump-
tion in Theorem 3.3.1, and in fact, the proof of this lemma is the only place that
this assumption will be used for the proof of Theorem 3.3.1. It is not difficult to
see that existence of lower bounds for fp; are related to the non-linearity of the
map. For instance, if we consider a linear EMR map T and define the Bernoulli
measure (i where p = (|Z;|, |Z2|, . . .), then clearly the Bernoulli potential for p and
the geometric potential coincide, i.e. fp = —log|T"| (and so pp is absolutely contin-
uous). Therefore, fp; = —B,(t)log |T'| + fp = Bp(t) fp + fp = —fp + fp = 0, since
Bp(t) = —1 for all t. Although B, (t) appears in the expression for f,, this isn’t the
ingredient which plays a part in securing a lower bound for f; (and besides, this is
essentially what we’re trying to estimate). So the lower bound for fp; is essentially
a measure of how different f, and —log|T”| are, which is made precise by finding a
periodic orbit along which the difference is bounded from below.

The non-linearity assumption provided in Theorem 3.3.1 gives hints as to how
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we should construct our set of periodic orbits. By examining this assumption, we

see that it forces some non-linearity in one of the first two branches, since otherwise
) _ T'(z1)T" (22)
we’d have § = logm

of periodic points so that their orbits visit the first and second cylinders which are

= 0. This suggests that we should build our set

known to see some non-linearity to guarantee that we don’t end up in the same
situation as we did above. By choosing Z = {z1, 29, 212}, which are precisely the
periodic points whose iterates appear in the expression for 6, we will see that even
if fp and —log|T”"| are close when evaluated at z; and za, Sofp and —S3log|T”|
cannot be close when evaluated at z12, since fp will be additive whereas —log|7”|

will not be additive (since T is not linear on Z3 UZy). Therefore they will differ by

T'(21)T" (22)
T’(zlé)T’(z;) > 0.

some multiple of 8 = |log
Proof of Lemma 4.2.7. Fix t € |0, %] and p = (p1,p2,...) € Py. Since p € Py

2542 o 1
s+3 2
Therefore |3}, (t)| > |8,(1)| = dim pup > 5 by convexity of 8p, which was proved in

Proposition 4.1.2. Put

we have a lower bound on the dimension of pp, in particular, dim pp >

0
c=—.

8

Without loss of generality we can assume that both

[fpi(z1)] = | = Bp(t) log [T"(z1)| + log p1| < ¢ (4.12)

and

[fpa(22)] = | = B (t) log [T"(22)| +log p2| < ¢ (4.13)

since otherwise we are done. We will show that this forces |15 fp.1(212)| > ¢, which
will complete the proof.
By (4.12) and (4.13) it follows that

1
3| = Bp(t)log |T'(21)T" (22)| + log pipa| < c.
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Moreover

e Lo oy
< 2-By(O) o8 |T ()T ()| + log pipe|
+% |—Bp(t) log |T"(212)T" (221)| + log p1p2|
< [ By(1)log T (1) (2] + logprpa] + .

Therefore
1
3 | =B, () 1og | T"(212)T" (221)| 4 log pip2| = 4|8, (t)|lc —c > ¢

where the final inequality is because |3, (t)| > z. O

4.4 Decay of operator norms

In this section we prove Lemma 4.2.8, in particular we show that there exists a
uniform constant Cy < oo such that for all § < 132, the seminorm | forla-1 < %
for all t € [g,é] and p € Py. Recall that we would like to estimate the integral
Il f37tdup7t from below by a strip which is centred at an appropriate point in a
chosen periodic orbit, which will be fixed for each p and ¢ by Lemma 4.2.7. To this
end, the constant Cy will allow us to estimate the required strip width. In particular,
we need the strip width to be sufficiently small so that fp,t does not drop ‘too much’
within each strip, when compared to the Birkhoff average along the periodic orbit
that has been chosen.

Recall that for all t € [g,é] and p € Py, the seminorm [fp Jp-1 < ”TN, since
[log |T"|]a-1 < wA!. Therefore, the difficulty is to prove that there is a uniform
upper bound for [Up]Jp-1. In fact we’ll prove something stronger. Let [f]; denote
the Lipschitz constant (or seminorm) of a function f : [0,1] — [0, 1] which is defined
by

11— s L@ = 0]
vty |7

We say that f is Lipschitz (continuous) if [f]; < oo. Let C%1(]0,1]) denote the
space of all bounded Lipschitz continuous functions. Then C%!([0,1]) is a Banach
o = [1 + [ lloe-
Clearly, fp: ¢ C%1([0,1]). However, we'll show that for all n € N, the

iterates M2, fpr € C%1([0,1]), and as such we can calculate an upper bound for

space when equipped with the norm ||-
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[Upl1. Since Upy = 302 My, fp.t, this suggests that it would be useful to find
an explicit exponential decay rate for [Mgt fp.t]1 in n, which is precisely where the
techniques of Hilbert-Birkhoff cone theory come in useful.

The remainder of this section is structured as follows. Firstly, in 4.4.1 we will
introduce the key ideas from Hilbert-Birkhoff cone theory which will be used. 4.4.2
and 4.4.3 will be dedicated to using these tools to obtain the relevant exponential
decay rate. In 4.4.4 we directly show that M~ , f, € C%1([0,1]) for each 1 < k <1,
which is a necessary step before we can apply the exponential decay rate to prove
our main result. Finally in 4.4.5 we combine everything to obtain an upper bound

for [Up+]1, which consequently provides us with an upper bound for [Up ¢]5-1.

4.4.1 Hilbert-Birkhoff cone theory

In this section we’ll introduce the key tools that will be used from Hilbert-Birkhoff
cone theory. A more comprehensive overview of this area, including proofs of results,
can be found in the appendix.

Hilbert-Birkhoff cone theory is concerned with the study of the action of an
operator on a cone. Let C' C V' \ {0} be a convex cone in a vector space V'; this
means that Aw € C' and wy + wy € C for all A > 0 and all w, w1, ws € C. We can
define a partial ordering on V' by

v=w & w-veCU{0}.

Using this partial ordering, we can define a metric © on C, whose precise
definition is given in the appendix. This metric is known as a Hilbert metric or
projective metric. We say that the diameter D of a set A with respect to the metric
O is

D = sup{O(v,w) : v,w € A}.

The following proposition lays the foundation for the use of cone methods in
the theory of transfer operators. This result tells us that if we have a linear operator
L : C — C such that the image L(C) has a finite diameter with respect to ©, then
the operator is a strict contraction with respect to the metric © and, moreover,
the contraction ratio can be given in terms of the diameter of L(C). The following
result is a specific example of Proposition A.0.9 from the appendix, where a more

general version of the result below is stated and proved.

Proposition 4.4.1. Let L : V — V be a linear operator on a vector space and
C CV beacone. Let D =sup{O(L(v), L(w)) : v,w € C} be the diameter of L(C).
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Then, if D < oo,
O(L(v), L(w)) < (1 — e )0 (v, w).

Of course, one is typically not interested in how our operator behaves with
respect to the abstract metric ®. Therefore, for this result to be useful, we need
a way of linking a contraction in © to similar behaviour in other norms - norms
which we are interested in. The following lemma provides us with this tool. This is

restated and proved as Proposition A.0.12 in the appendix.

Proposition 4.4.2. Let ||||1, ||'||]2 be two norms on V and let C C V be a convex
cone which induces the partial ordering <. Suppose there exists C > 1 such that for
all f,geV

—f=29=2f = lglh <lflx
lgllz < C|[fll2-

Then given any f,g € C for which ||f]1 = |lgll1,

If = gllz < C*(®V9 — 1) f]2.

We will now hone in on the specific cones and operators which we will be
working with when it comes to implementing the ideas discussed above. Let C(]0,1])
denote the space of all continuous functions on [0, 1]. We will be interested in cones

of the type C, for some a > 0 where
Co = {w € C([0,1]) : w > 0 and w(z) < e“'x_y‘w(y)} .

It is easy to check that for each a > 0, C, does indeed define a cone.
Observe that for each a > 0, C, C C%1([0,1]). To see this, let f € C,. f is

continuous on a compact set and therefore is bounded. Moreover,
—(e? T = 1) f(2) < fl2) = fly) < (Y = 1) f(y)
for all z,y € [0, 1] which implies that

[f(2) = F ()] < ae?|[ flloolz — 9]

that is, f is Lipschitz with Lipschitz constant [f]1 < ae®||f|lco. We'll use this

fact several times throughout the rest of this section, therefore we state this as a
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proposition.
Proposition 4.4.3. Suppose f € C, for some a > 0. Then [f]1 < ae®||f|loo-

For these types of cone, we have a direct way of checking whether the image
of a linear operator L : C, — C, has a finite diameter. The following lemma tells us
that it is enough to check that L(C,) C Cy, for some A < 1, which combined with
Proposition 4.4.1 allows us to deduce that L is a strict contraction. The next result

is restated and proved as Proposition A.0.10 in the appendix.

Proposition 4.4.4. Leta > 0 and 0 < A < 1. Let © be the metric associated to
the cone C,. Then

Dy, = sup{O(v,w):v,w € Cys} < 0. (4.14)
Observe that if one can show that L(C,) C Cy, for some A < 1, then

sup{O(L(v), L(w)) : v,w € C,} < sup{O(v,w) :v,w € Cyo}

= D,\ya < 0
and therefore by Proposition 4.4.1,
O(L(v), L(w)) < (1 — e~ D)0 (v, w).

The following result allows us to use the partial ordering < induced by the
cone C, to control the norms of continuous functions. This is restated and proved

as Proposition A.0.13 in the appendix.

Proposition 4.4.5. Let < be the partial ordering induced by the cone C, for some
a>0. Let m be a measure on [0,1] and let L' = L*(m). Then

—f=g=<f = l9lloo < [1flloo
lgllzr < Nfllz
lgllog < (a+1)|f

<
<

lo,1-

Observe that the result above allows us to employ Proposition 4.4.2 with the
norms ||||oc, ||-|[z11|-lo,1- In practise, we’ll use the result for ||-||,1 with m = pp,
and m = fip ¢, where fip s = L} 1fip ¢ as defined in Lemma 4.2.2.

Since Upt = Y 02y MG fp.t, this suggests that the correct operator to study

would be (some iterate of) Mp;. In fact, we will choose our operator to be the
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Ith iterate Mlp,t : Cy — C,, where [ is the integer that satisfies |(T")(x)| > A for
all z € [0,1] as part of the expanding property of the map 7. We choose the Ith
iterate since Hilbert-Birkhoff cone theory is implemented for uniformly expanding
maps by showing that the associated transfer operator maps sufficiently large cones
strictly inside themselves. Since we are considering T which may not necessarily be
uniformly expanding (but 7' is uniformly expanding), we study the action of the
Ith iterate of the transfer operator on cones. In fact, before we can prove anything
for the normalised operator, it will be necessary to study the I[th iterate of the
non-normalised operator ﬁi),t : Cq — C, first.

The remainder of this section is structured as follows. Firstly, we will
need to prove that our operator ./\/li)’t is a contraction with respect to the met-
ric ©. Therefore, in light of Propositions 4.4.1 and 4.4.4, we will need to show that
Mi),t(ca) C Cy, for some X\ < 1. This will be treated in 4.4.2.

Next, in 4.4.3, we’ll see how we can use the contraction in © to study
the behaviour of the operator ML ; with respect to the norm ||-[jo1. By using
Proposition 4.4.2 with ||-||; = ||-||z: and ||-||2 = ||‘|lo,1 along with Proposition 4.4.5,
we'll show that || MUY fllo1 decays exponentially in n whenever [ fdjup, = 0 and
fec®((o.1]).

In 4.4.4, we deal with the issue that fp; ¢ C%1([0,1]), which is preventing
us from applying the exponential decay rate in our setting. In particular, we show
that for each 1 < k <, the kth iterate M5 , f5» € C%1([0,1]) and we obtain upper
bounds on [|ME , f5¢llo.1 for 1 <k <1

Finally in 4.4.5, we combine the upper bounds on [|[ME f, o1 and the

n

exponential decay of || ML, f[lo,1 to prove Lemma 4.2.8.

)

4.4.2 Proving a contraction in ©

The goal of this section is to find a € R sufficiently large that /\/llp#/ is a strict
contraction on C,. Recall that by Proposition 4.4.1, it is enough to show that for
some a > 0, sup{O(v,w) : v,w € ML (Ca)} < co. Moreover, by Proposition 4.4.4,
it is sufficient to show that Mi),t(ca) C Cyq for some A < 1.

First, we will need to prove that the non-normalised operator ﬁi)’t is a con-
traction on some cone C,. Using this, we will then be able to deduce that for each
p € Pyand t € [0, %], the fixed point hp ¢ belongs to the cone C,. This will give
us some regularity properties of the fixed point hp; that hold for all ¢ € [0, %] and

p € Py. These uniform regularity properties are both necessary to prove the con-

l
p7t,

their own right which will be used at various points in the remainder of the chapter.

traction in © for the normalised operator M. ., but are also important properties in
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We begin with what is essentially a restatement of the locally Holder prop-

erties of gp ;.

Lemma 4.4.6. Let p € Py and t € |0, %] Then for all z,y € [0,1] and

ni,...,n; € N4,

1904 (Tt ®) = 9pt(Tah )| < Ul =y, (4.15)
Proof. Clearly it is enough to show that for any 1 < k <,

1906 (T ®) = 90,0 (T )| < Kl —yl. (4.16)

Since fp is locally constant, the left hand side of (4.16) equals

77, (2)

Bp(t) log |T'(T;,) .y 2)| = log |T'(Tn) pw)ll < sup |27 ey = Do
ZEInl T’nl(z)
< sup 1T, (2) sup |z
sezny | Thy (2)| zez,, [T, (2)]
< klz—yl.
Then (4.15) directly follows. O

Using the regularity of gy, we can deduce that for sufficiently large ag and
some A\g < 1 (which is related to the contraction rate of the map 7°), then Elp,tCaO C

Croao-

Lemma 4.4.7. There exists A\g < 1 and ag > 0 such that for all p € Py and
te [07 %], 'Clp,tcao - C>\0a0'

Proof. Fix t € [0,17*] and p € Py. Let ag > 0. Clearly, if w > 0 then £, ,w > 0.
Let w € Cy, and z,y € [0,1]. Recall that |(T%)'| = A’ on [0,1]. In particular, this

means that any local inverse branch of 7! must be contracting by ﬁ Using this
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fact and (4.15) we obtain

(’Ci),tw)(x) = Z egi),t(Tn_IJT)w (Tn,lx)

neNL

! -1 _ _ -1, -1
E e9p,t(Tn y)w(Tn 1y) ellsle—yl+ao|Ta 'e—Ty 'y|)

neNL

1 —1 _ L4200z —
E e9p.(Tn )y, (T ') elrtat)le=yl
neNL

U1 _ ag .
Z eIp.t(Ta " ¥)y, (Tn 1y) Ut 3|z =yl
nEN%

N

N

N

Choose ﬁ <X <1andag> )\Ol"“ —. Then it follows that
Al

(Lpgw)(x) < (L w)(y)er=vl, (4.17)

Finally, we verify that £} ,w € C([0,1]). Recall that sup, |(£L,1)(z)| < oo by our
choice of p and ¢, so ||£lp,th00 < |lwl| o sUpP,, ](Eimtl)(:vﬂ < 00. By (4.17),

_(eaOAOII—y\ _ 1)£i>,t(l') < L‘,ixt(;z:) — ££7t(y) < (eaoko\x—y\ — 1)£lp7t(y)

and so

| Lo (@) — L w(y)| (eorolemvl — 1)L, yw(y)

<
< age®|e — yl|| L5 0

which completes the proof. ]

By Propositions 4.4.1 and 4.4.4, Elpyt is a contraction in © with contraction

ratio 1 — e P09 where
Diy.a0 = sup{O(v,w) : v,w € Cyyqp } < 00

is provided by Lemma 4.4.4.
Next, we would like to prove the analogous result for the normalised operator
Mi),t' By Lemma 2.5.9, we know that for each operator Ly ; there exists a unique

fixed point hp; and, moreover, Mp; = h;iﬁm(hp’f). Therefore, before we can

l
Pt

of the fixed point hp, which is what the following lemma will provide. This is

prove the analogous result for M we first require some regularity properties

an important result in its own right, for instance, by using the uniform regularity
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properties of hy ; we will be able to obtain uniform Gibbs constants for the measures

Hp,t in Section 4.5.

Lemma 4.4.8. Each hp; € Cq, where ag is fized uniformly via Lemma 4.4.7. In

particular,
h h
e~ <inf Pvt(x) < sup p7t(517) < el
z,y hpﬂf(y) z,y hp,t(?/)
and o ]
p;t]0,1 2a
su < ae
xp hp,t(ﬂf) h
1—s

for all a > ag and all p € Py, t € [0, ~5°].

Proof. We will show that for each p and ¢ we can find a fixed point of Ly ; inside
Cay- Since we know that the fixed point is unique, it will follow that this is hp ;.

Let p and t be arbitrary and denote £ = Ly;. Let N € N and consider
integers m,n > N. Fix D = D), For each 0 < k < I — 1, we can apply
Propositions 4.4.1 and 4.4.4 to £*1 and obtain

@(,Cln+k1,,clm+k1) < (1 o G_D)N@(,Cl(n_N)+k1,ﬁl(m_N)+k1) < D(]_ o G_D)N.

Let L' = L!(fip ). Since ||£¥1]|1 = ||1]|z1 for all k& € N, we can apply Proposition
4.4.2 to the norms ||-||y = |||z and ||-]|]2 = ||||lco to deduce that for all n,m > N,

In+k Im+k
Hﬁln—I—kl _ £lm+k1||oo (eG(L 1,.L 1) 1)”1”00

BD(I—EfD)N -1

ePD(1 —e D)V,

NN N

This implies that £"1 is Cauchy for ||-||oo since 1 — e ™ < 1. Thus the limit
lim;, o0 L1 € Cy, and is a fixed point of L. By recalling that £ = L ; and since p
and t were arbitrary, it follows that hp ¢ € Cq, for all p and t € [0, %] Moreover,

since Cq, C C, for a > ag it follows that hp; € C, for all p and ¢ € [0, %] By
.. h Bp.tlloo
Proposition 4.4.3, [hp +J1 < ae?||hpt||oc. Therefore, sup, }[Lpf’t’é;) < sup, ae“% <
2a
ae“?. ]

Now, using the regularity properties of the fixed point, we can prove the

analogue of Lemma 4.4.7 for the normalised operator Mlp,t.

Lemma 4.4.9. There exists A\1 < 1 and a1 > 0 such that for oll p € Py and
te 0,52, ML Ca; C Cra,- Moreoever,

D), .q, =sup{O(v,w) : v,w € Cyyq, } < 00
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and

O(M. ,(v), ML (w)) < (1 — e~ Pr1e1)O (v, w).

Proof. Fix t € [0, %} and p € Py. Let ag be fixed by Lemma 4.4.7 and let a; > 0.
Let w € Cy, and z,y € [0,1]. Similarly to Lemma 4.4.7 we see that

L)) = hot(a) S eI D (T ) hy (T )

neN
(@) 37 ehelT D (1) (T et ot an 5 =

neNL

_ apg+a
i)t YT eI (T hy) (T e
neNL

- Loyt - _ g @ Dagtagy
< hp,%‘, (y) Z egp,t(Tn y)w (Tn 1y) hp7t (Tn ly)e( K+ N )| y\.
neNL

I (ALt
M. Then it follows that

Choose 45 < A1 < 1 and a; > .
A Al_XT

(M) (@) < (M, w)(y)e v, (4.18)

Clearly, since hp; > 0, if w > 0 then Mi),tw > 0. We can verify that Mé,tw €
C([0,1]) in the same way that we did in Lemma 4.4.7, namely, we observe that
sup, (ML ;w)(z) < ||lw||s and therefore by (4.18)

My w(@) — Mg w(y)] < are® [|w]|oolz —yl.

Therefore, we have proved that /\/llea1 C Cxray-
By Proposition 4.4.4, Dy, ,, < oo and by Proposition 4.4.1, the final part
follows. O

For the remainder of this chapter, we fix a = max{l,a1} and D = D) ,,.

4.4.3 Exponential decay of [|[ML, flo.

In the previous section, we showed that ./\/llp7t : Cqy — C, was a contraction in ©. In
this section, we will apply Propositions 4.4.2 and 4.4.5 and the contraction in © to
study || MY, fllo,1 instead. In particular, we will find an explicit rate of exponential
decay for ”MgftfHO,l whenever f € C%1([0,1]) and [ fdup; = 0.

Before we can obtain an exponential decay rate for [|[MF ,fllo,1, we need a

uniform bound on the operator norms of Mp,;, that is, some uniform constant A for
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which [[Mp1fllo1 < Al fllo1 for all f € C%L([0,1]). In fact, although such A exists,
we will only actually require a bound || Mp:f|lo,1 < Al fllo, which holds for any
f € C4. Therefore we will find this instead, since we can obtain this almost directly
from the definition of C,. Note that alternatively, we could prove this by proving a

‘Lasota-Yorke inequality’.

Lemma 4.4.10 (Uniformity of operator norms). There exists a uniform constant

A =1+ ae® such that for all p € Py, t € [0, %] and n € N,

M Fllox < Allflloa

for all f € C,.

Proof. Firstly, we can immediately see that |M& ; flloo < || f||o for all k € N. Next,
since f € C,, by Lemma 4.4.9 it follows that Mlgft f € C, as well, and therefore by
Proposition 4.4.3, (M, f]; < ae®|| MY, flloo < ae®||f | so-

Putting these together, we see that | Mpfllo1 < (ae® + 1)| flloo < (ae® +
Dl fllo,1- O

Now we are ready to prove that ML, fllo.1 decays exponentially whenever
f€C%([0,1]) and [ fdup,; = 0. This result will essentially be the backbone of the
proof of Lemma 4.2.8.

Lemma 4.4.11. Fix p € Py and t € |0, %] There exist uniform constants 0 <
C <ooand 0 < p <1 such that

1M fllo < Cp™[I 1l

for all f € C%1([0,1]) such that [ fdup: = 0.

Proof. Let f € C%1(]0,1]) for which [ fdup: = 0. If f is constant, f = 0 since its
integral is 0 and thus the result follows trivially. If f is not constant, || f]jo1 > 0. Let
f1 and f5 be the positive and negative parts of f respectively, so that f = f1 — fo
with f1, fo > 0. We can guarantee that they belong to a cone by adding a constant.
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for each 7 since

In particular, f;

forvine = o (e (5 i)
_ exp<1o ( S0 +1)>
< exp(1 (‘ ) +1)>
) eXp<HfH01+\|f\|g’1>
S eXp( Hme y‘)

= exp(

where the fourth line follows because log(l + z) < z for any z > —1. Denote
n = |/fllo,. Then f; +n € C,, where a was fixed at the end of Section 4.4.2. Denote

M = Mp;. Then since [ fidup: = [ fadpps we have

= M1 — M fa]lo4
= M™(f1+n) — M"(f2+n0)oa

< HMZ”(fl 1) = [ 1+ )i

0,1

n HM’”(fz )= [+ i

0,1

Now, since M'*(C,) C C,, we have M'"(f; + 1) € C, (and clearly [(fi +
n)dpptl € Cq as well). Moreover, denoting L' = L(up ) it follows that | M™(f; +
Mllzr = |If(fi + n)dpps1|r, thus we can apply Propositions 4.4.2 and 4.4.5 for

Il = [I"ll .+ and [|[|2 = [|lo,1 to obtain

1M fllon < (14 a)2(ePMT Gt A4mD) 1y (£ 4 ) o
+(1+ a)2(e®(Ml”(fz+n),(f fo+m)1)) _ D)|M™(fo + mllo.1-

Next, since M™(([ f; +1)1) = ([ fi + 1)1 we can apply Theorem 4.4.1 to
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get

M Fllog < (1 +a)? (7O U AT — 1) My 4 7)o
+(1+ @) (e O S — 1) | M (fy + 1) 0,
< (1 Fa?( @ = (Mo + M (f2 + ) o)
< (1+a)’D = e PP (MM (1 4 m)o + M7 (f2 + ) lo,1)
< (1+a)?DeP (1 — e Py (M (fr +m)llo + |M™ (2 + 1) o)
< (1+a)?ADeP (1 — e P) (I fr +nllo + [1f2 + nllo1)
< (1+a)?ADe” (1 —e7P) (I fillox + Il f2llo1 +2m)
< 4(1+a)*ADeP(1—e P)"
where A is the uniform constant from Lemma 4.4.10. O

4.4.4 TUpper bounds on ||Mf)7t(fp,t)||o,1

Notice that we cannot immediately apply Lemma 4.4.11 to prove Lemma 4.2.8 since
foi # CON([0, 1))

In this section we show that even though fp; ¢ C%1([0,1]), for every 1 <
k < I the functions Mgtfp,t € C%1([0,1]). This will ultimately allow us find an
upper bound for [Up ;]1 by applying Lemma 4.4.11 to Mgt fp,t- Therefore, we need
to get upper bounds on sup; < M5 ; foillo1-

We'll begin with the easy upper bound for [[M& , foille. After this we’ll
calculate [Mp ¢ fp]1. Finally, we'll bound [ME , f;4]1 above by a constant multiple

of |Mptfp.llo, and use this to estimate sup; || ME

Define
2
9= 4.19
e(l—s) (4.19)
Let a > O be fixed. Since t = ea is a maximum on [1,00) for f(t) = l‘i—it and
f(eé) = L by setting o = 5% and t = [T"(z)] it follows that
log |T'
g [T'(@)l (4.20)
T ()| 2

for all z € [0,1]. Also, recall that

qg = log( sup Z\T’T ) ) (4.21)

z€(0,1)
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Since for all t < 172 and p € Py, Bp(t) = 112, the combination of (4.20) and (4.21)
gives that

log |T"( log |T" log |T" 1
Z sup log |T"(x)| )’ < Z sup og | (37)1’ _ Z sup og |T"(x)| < el

o, aez, [T'(@)|%0 7 S wet, |T/(2)| 5 /G, vl |T'(2)| 2 1T (@)
Finally, let § < 172, Since Bp(t) > 4= for all p € Py and t € [ ,0],
-5 15 1
) < =" <5 (1.22)
2

for all t € [%, d]. We will also need the following easy technical result, in order to

bound p!, log py,.
Lemma 4.4.12. |2'logz| < L for allz € [0,1] andt > ¢

Proof. For a fixed t € (0,1) define ay(z) = z'logz for z € [0,1]. Differentiating

with respect to x we obtain

d—(at(x)) =tz togz 4+ 27t = 2t (tlogz + 1).
x

1

Clearly the only turning point in [0, 1] is = e~ ¢ and since a;(0) = (1) = 0 this
is a local minimum for oy, that is, a local maximum for |z'logz|. Moreover, for
t>e>0,

1
at(e_%) = e_lloge_% = —Ee_l > ——e " =ag(e ¢).

Therefore,

1
2" log | < Jau(e™ )] < Joc(e #)| = Ze 7t <

We are now ready to obtain an upper bound on HMII“,
for all £ € N.

Lemma 4.4.13. For allp € Py, t € [%,5] and k > 1

2414y

HM tfptHoo X 5
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Proof. First we fix k = 1. Then,

> —pnBp(t) log [T'(T,, )| + p}, log pn

-1
T/ (T )| P (0) hpt (T L)

Mot fo.z

o = Sup

N

/ —1 .
hpa(2)2 3 log|T(Er? )| —1
vy hpa(y) 0 0 | S [TV (Ty )| o)
< log |T"(T; 'z)| _ 2¢°+79
o (T ) e S 5

n€Np 2€ln

For k£ > 2, we just need to observe that

2e4T99

k k—
||Mp,tfp,t||oo < ||Mp,t1(fp,t)Hoo < ||Mp,tfp,t||oo < 5

O

We now begin the work towards bounding [M% , f, ;]1. We will do this in two
steps. First we bound [Mp;fp+]1 directly from the definition of Mp ;fp:. Then,
using ideas from the proof of Lemma 4.4.11 we’ll find a way of bounding [M;t Ip.th
from above by [|Mp ¢ fp.tllo.1-

The next result is a preparatory lemma for calculating [Mp ¢ fp 1.

Lemma 4.4.14. Let
log|T" o T -1

T o T Ae®

Then

[wp]1 < K sup

(1= (1) + o (1) og T3 (2)]) ‘
T3P |

z€Tn,
: _ log|T}]-1 . ..
Proof. Putting v,, = @ and differentiating, we get
ur | TR0 Bo(t) + Bp() low T3)
" 73]+ |
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Therefore, for all x,y,

T (2)|(1 = Bp(t) + Bp(t) log | T, (=

fwn(z) — wn(y)| < sup >|>‘|T,;1$_T;1y|

sup (71 (=) P01
T () (1 = Bo(t) + Bo (1) log [T(2))
< s T1 (=) Pe01 S iy Y
1" . ’

o [T Bl + B 0 T,

T (=) PO [0 ()

1~ Bolt) + Bo(t) log |T1(2)]

< msup T (2) o Iz =gl

Therefore,

1= Bp(t) + Bp(t) log | T (2) ‘
T;(2))70

[wp]1 < K sup
2€Ln
Using this bound we can estimate [Mp ¢ fp ¢]1-

Lemma 4.4.15. For allp € Py and t € [%, 4],

6(1 + ¥)are22t4
5 :

Mpifpih <

Proof. Recall that

1 5 —Bp ()}, log |T' (T, )| + pl, log pn

T, z). (4.2
hp,t(x) |T/(Tn_11‘)‘ﬁp(t) hp,t( n 33) ( 3)

Mp,tfp,t(x) =

n€Np

To obtain the desired bound we will make use of the straightforward inequality
[uvr < lulloofvlr + [u]1[|v]co- (4.24)

First, applying (4.24) to (4.23) with

— B (t)p!, log | T'oT; ! |+p, log pn b

_ 1 _ -1
u=g- and v= ZneNp TroT 1P ptoT,

we obtain
Mpifpili < Nhpillsolv]t + [hp i1 l|v]loc- (4.25)

By an easy modification of the arguments in Lemma 4.4.13 we have [|v]o <
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2619 || hp ¢]|co- Thus it remains to calculate

)
h < )

n€Np

—Bp ()}, log [T o T, | + pl, log pn

T . 4.2
\T’oT{Hﬁp(t) fip.t © ( 6)

n
1

Next, applying (4.24) again to each of the terms on the right hand side of (4.26)
with

—Bp (t)pt log | T'oTy; ' |+pt, log pn
770 1P

Up = hp ¢t oTn_1 and v, =

we obtain that

[unvn]1 < thiHOO[Un]l + [hp,t]lnvnnoo

By Lemma 4.4.14,

log]T’oTnll—l] <2j
1

(1 = Bp(t) + Bp(t) log | T, (2)]) ‘
T 0 T,y | '

T3(2) e

2
[Un] 1 < g 5
2€ZLy,

Therefore

(1= Bp(t) + (1) 1og|T;<z>|>‘
1T;(2) el

2K
[v1 < th,tHOOTS » ~ sup
nENpZGIn

2
+hp il = Z su
0 neNp €Ly,
2(1 4+ 9)elk
)

log |T"(x)] — 1
HOER

2(1 + )et

5 [hpih'

< 1Fp,¢lloo +

Recall that by Lemma 4.4.8, ||hp OO||h;,i||OO < e and [hp,t]th;’%HOO < ae®. Also,
observe that [h;}]l < Hh;ﬂ\go[hm]l. Plugging all of this into (4.25) we get

_ 2(1 +9)elk 2(1 4 9)ed
Moalods < Ul (2522 o+ 2D g,

2e9 _

22 gl

2(1 + ek 2(1+9)ae™  2ae22T9

S +
0 o o
6(1 + 9)are2at4

<
0

O]

Now, all that remains is to find an upper bound for [Mgt fpul1 for all 1 <

k < [. To save us having to bound it directly as we did above, we use some ideas
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from the proof of Lemma 4.4.11 to estimate [MF , f54]1 in terms of | Mp fp.ello.1-
In particular, we show that the positive and negative parts of Mp:fp+ (plus a
constant) belong to a cone, and by applying the operator we show that each iterate
of these also belongs to a (larger) cone. At this point, we will be able to apply
Proposition 4.4.3 to bound their [-]; seminorms. Note that alternatively, at this
point we could instead deduce the desired result from Lemmas 4.4.13 and 4.4.15 by

proving a ‘Lasota-Yorke inequality’.
Lemma 4.4.16. For allp € Py and t € [%,5] and 1 <k <,
[Mf),tfp,t]l < 2d'e” HMp,tfp,tHO,l

where a = (I — 1)k + 2a + 1.

Proof. Let wy, wy denote the positive and negative parts of w = Mp;fp: respec-

tively, so that w = w; — wo. In particular,

1 —Bp ()}, log |T'(T,, ' )| _1
= E hpt(T, >0
D ) 2 T e
wa(z) = L E —Phlogpn hp (T z) >0
BT hpal) S T(T ) PO P '
nelip

Define v; = w; 4+ [w];. Then by an argument similar to that which we used in the

proof of Lemma 4.4.11, we can show that v; € C;. In particular

worenn o (o (0
— exp (bg (WH»

o (5 )

N

/N

]

"

ko]
7 N\

N
@
e
o
£
B
|
=
~

where the fourth line follows because log(1 + z) < z for any z > —1. Therefore, by
adapting the argument in Lemma 4.4.9 we can see that Mgtvi € C1—1)x+2a+1 for
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each 1 < k <1 —1. In particular

: -1
(ME i) (@) = hpt(a) Y e T Dy (T )by (T3 )

neNg

_ k -1 _ o . —1_ 1
< hpé(y) Z eIp,t(Tn y)’Uz‘(Tn 1y)hp,t(Tn1y)e(k“+a)|x yl+(a+1)|Tn z—Tn 'yl
neNg

_ k —1 _ _ _
< hpi(y) Y eoelTo Wy Tty hy (T y)el2et izl
neNg

< LA4£¢UH(y)e«L—Dn+2a+lﬂx7yL

Put @’ = (I — 1)k + 2a + 1. It follows that for each 2 < k <[,

My foii = [Mplor— Mgt

< [Mﬁ;lmh + [Mﬁfwh
< de([|or]loo + [|v2lloo)
where the last line follows by Proposition 4.4.3. Since [|vil|co = [|Jwi + [w]1]lcc =

|willoo + [w]1 = ||wllo1 we obtain

IME | foilt < 2d/e | Mp for

0,1-
]

Finally, by tying the last few results together, we can find an upper bound

for sup; <. HMI;,J}fp,tHO,l‘

Lemma 4.4.17. There exists some uniform constant
E =291 + 9)(1 + 2d’e” + 6ak)

such that for all p € Py, § < 14;5 andt € [%,(5],

&=

sup ||M];€)7tfp,t||0,1 < 5
k<l

LA

Proof. By Lemmas 4.4.13 and 4.4.16,

2e2149y
01 S 5 T 2a/ea/‘\Mp,tfpth071‘

k
”A4p¢fp¢
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By Lemma 4.4.15,

HMg,tprHO,l <

2e41494Y Lo (269799 6(1 4 9)are?rtd
5 T 5 ' 5 '

4.4.5 Proof of Lemma 4.2.8

Lemma 4.4.11 provided us with an exponential decay rate for HMgt fllo,, whenever
the function f satisfied f € C%'([0,1]) and [ fdpp: = 0. In Section 4.4.4, we
showed that ./\/l];’tfp,t € 0%1([0,1]) for each 1 < k < I. Combining this with the fact
that [ fptdup: = 0 by definition (see (4.5)), we are in the position to prove Lemma
4.2.8.

Proof of Lemma 4.2.8. By Theorem 4.4.11 there exist uniform constants C' and p
which are independent of p and ¢ such that for all p and all ¢ € [g, d],

1Upillog = ZM (fp.t)
0,1
< ZHM (fo.0)ll0.1
< Mpi(fo)lloa(l+ ) Cp™)
n=1
+HIMp (fp)lloa 1+ Cp™)
n=1
HIM (Fo)lloa(1+D Cp™)
n=1
C
< 1 (IMpafodlon -+ 1M o)
ICE 1
<
1—pé

where the third line follows by linearity of Mp, ; and the final line follows by Lemma
4.4.17.
Since [log |T"|]o-1 < kAl and £, is locally constant

0
pdlamr < I8t RA" < [5p(5) A"

92



By (4.22), |5, )] < %+ and therefore

kA
[fp.tla-1 < 5

Put C; = lCE Since [Up )1 < 6 , it follows that if x,y € Z;

1yeees?

Cl Cl ClAl_l 1
[Upt(x) = Ups(y)| < 7|UC -yl < ?‘Iil,..‘,in‘ < 5 A
Therefore,
C Al—l
[Up,tla-1 < 15

Similarly, if z,y € Z; for some n > 2,

1277,

! Ch CiAl 1
Upa(Ta) = Upt(Ty)| < T2 =Ty < S |Tip | S — 51
whereas if z,y € Z;, for some k € N,
Cl Cl Cl A
Upi(T2) = Upu(Ty)l <~ |Tw =Tyl < — =<7
Therefore,
CiA!

Putting this all together we get

oilar < [fodda—t + [UppoT)pa-1 + [Up a1
kAl Co

< "o
;o (1420 =+

O

We return back to our goal of estimating the integral [ fg}tdum from below.

Fix some p € Py, 6§ < Q and t € [é 0]. Suppose that we have a point z = II(i)
such that
forall y € Z;, 4, ]fp,t( )| = §. Then the above result tells us that it is enough to

for which |fp(2)| > ¢, and we are interested in finding a cylinder Z;,

choose n large enough so that
2C)y

A/5c

Then for all z,y € Z;

1.eln

<

Fpala) = e < 2

l\D\o

o1
An
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Since by construction z € Z; it follows that | fp,t(y)] > g for any y € I;

1...’in> 1'ln

Therefore, we will be interested in values of n where

log (%)
logA

4.5 Estimates on the measure

In this short section we prove Lemma 4.2.9, that is, we find a lower bound for the

measure pp¢(Z;, .. 4,) of any cylinder Z; that some z € Z may belong to.

1--.0n
By definition, pp ¢ is a Gibbs measure for the potential gp ; and thus we know

that for each p and ¢ there exists a constant 0 < Cp 3 < oo for which

1 (Piy - - Pin)’ (Pir -~ - Pin)’
< )< .
p;t T'(z) - T'(T" 1) |3®) < tpt(Zin.iin) < Cpit T'(z)---T' (T 12)|Pe®
(4.27)
It is easy to see that if p;,,...,p;, are small, this produces a lower bound which is

arbitrarily close to 0. In our setting, since the digits i; € {1,2}, this means that
we cannot get a uniform lower bound for the measure of such a cylinder unless we
impose a lower bound on p; or ps. Therefore, we fix € > 0 and obtain uniform lower
bounds across p € P..

Although (4.27) holds for each p € Py and ¢ € [0, 13%] for some constant Cp 4,
it is not obvious whether the constants can be chosen uniformly. Therefore, the main
obstacle is to ensure that we can find a uniform upper bound for the constants Cp
for p € Py and t € [0, %] In order to calculate the Gibbs constants, we need
bounds on [gp¢|a-1 and [Jp¢]p—1 which we obtain in the next lemma. For [gp ¢]5-1
we’ll utilise properties of the fixed point hp: of Ly, which we gathered in Lemma

4.4.8.

Lemma 4.5.1. Let p € Py and t € [0,55]. Then [gpi]a—1 < A" and [Gpi]a—1 <
3Alak.

Proof. Since fp, is locally constant,
[9p.e]a-1 = [=Bp(t) log |T'[]x-1 < [log |T"[]5-1 < kA’

by Lemma 3.1.3.

For the second part, notice that if x,y € Z;,. ;, then
\l h ()—1 h ()|—1 hp’t()< | — |< o
o) T o) = |lo < alz <
g Np.t g Np,t\Y g hp,t( ) Yy AT
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by Lemma 3.1.2. Therefore, [loghpJp-1 < aA'=t. Similarly, if z,y € I;,. ;, for
n > 2 then
a1 Al
|log hp, i (Tz) — log hp 1 (Ty)| < AT T A
If x,y € Z;, then
al!
|log hp,o(Tw) = log hp(Ty)| < a < ==
Therefore [log hp s o T|p-1 < all.
Combining these together, we obtain
[gp,t]A—l < [gp,t]A—l + [log hp,t]A—1 + [log hp,t o T]A—l
< kAL + aATT 4 A < 3Alak.
O

Now, by using the above properties of [§p¢]p-1, we can obtain a uniform
upper bound on the Gibbs constants Cp, ; which will hold for all p € Py and ¢ € [%, J].
We do this by using properties of the (normalised) transfer operator, in particular,

the property that My, (ipt) = pipt-

Lemma 4.5.2. Let p € Py and t € [0,55]. Then for anyn € N, iy ...i, € NP and
2 €Ly ins

- oaps ) N T L
o1 (Piy - - Pin) < 7, . )<C (piy - - Piy)
TG T e < o) S Oy e o
where
Al
C = exp <i _a/f + a) . (4.28)

Proof. The proof of this lemma is based on arguments in [Bo|. Let n € N and any
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i1...in € N&. Then

ot (T, i) = / 17, . (@)dupa(a)

where the final line follows because My, ,up ¢ = pip t.
Let z € I“ln Then

[gp,t]A—l

tpt(Li,..oin )P o™ A pp (T i)

so that i
ot Lirin) —go(z) 5 ,—Rtlat
e It > TR .
tip,t (Lis,... i)

Moreover, we can proceed to obtain the following sequence of inequalities

Mp,t(Iiz,...,in)e_gp,t(Tz) > 6%
=
tipt(ZLis,....in)
. —[9p,tla—1
_ -1 _IPUIATY
pipt(Zi, e 9ot > e

Multiplying these all together we obtain

ot Lir,in) efi[gp;f],"fl
e5ndp,t(2) - '
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Now,

Sn(loghp s —loghpoT)(z) = loghpt(z) —loghp (T'%)
+log hp+(Tz) — log hp +(T%2)

+log hp(T" 1 2) —log hp +(T™2)

hp t(2)
= log—2 "7 _ > _q.
ghpﬂj(TnZ)

Plugging this into (4.29) we obtain

(4.30)

por@i) ey, 8Mas
Sugpi(x) | © z A1 ‘

By rearranging this inequality and expanding the ergodic sum we obtain the desired

lower bound. The upper bound follows by an analogous argument. O

Next, we move onto the proof of Lemma 4.2.9. In particular, given i for which
II(i) € Z, we would like to calculate a lower bound on the measure of a cylinder
tpt(Zi;..i,,) which depends only on € and n.

Recall that 7 was defined in (4.11) to be

. 1
inf
r€L1UI> ’T/ (x) |

T =

The proof of Lemma 4.2.9 is now a straightforward consequence of Lemma
4.5.2.

Proof of Lemma 4.2.9. Let t € [0, %], e >0and p € P.. Let z = II(i) €
{21, 22,212} and n € N. Then

ppt(Tis,oi) > C e Sl

-1 (pil ---pz'n)t
(=) (T L2)| 0
> O letnem,
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4.6 Proof of Theorem 3.5.3

In this section we tie together Lemmas 4.2.7, 4.2.8 and 4.2.9 which were proved
in the last three sections to obtain a lower bound on the variance o2 ;(fp), and
consequently obtain upper bounds for suppep_ dim pyp, for every e > 0.

Recall that in Section 4.1 we showed that |3},(1)| = dim yy, for each p € Py.
The objective was to obtain a lower bound on g (t) on a compact subset [%, 0] of t
in order to induce an upper bound on |3, (1)|. In Sections 4.1 and 4.2 we saw that
for ¢ € [0, 13%],

,Bll(t) _ U}%,t(fp,t) _ ffg,td:upyt
i [log|T"|dups [ log |[T"|dpp,s
Suppose that ¢ > 0 and § < % are fixed. We’ll begin by finding a lower

bound for Jf)’t( fot) = [ ff,,tdup,t by following the blueprint provided by Lemma
4.2.6 along with Lemmas 4.2.7, 4.2.8 and 4.2.9. This will hold for all p € P. and
t € [$,0]. Next, as promised we’ll bound [ log|T"|dpp, from above (uniformly for
all p € Py and t € [0, %] These two bounds combined together will give us a
lower bound for B () that holds for all p € P, and ¢ € [$,6]. Finally, this will allow
us to prove the main result of this chapter, Theorem 3.5.3: for every ¢ > 0 and
0 < % there exists some constant G. 5 for which sup,cp, dimpp <1 — G¢ 5. This
will precisely be the upper bound on |3},(1)| which is yielded by estimating Sp(t)
from below on the interval [$, d].

We begin by getting a lower bound on the variance Uf),t( fot) = [ fgytdpp,t.
Here we essentially follow the proof of Lemma 4.2.6, but instead of treating one
specific pair p,t, we use the uniform bounds on inf.cz %ngw(z), [fp7t]A71 and
infy(j)=zez pp,t(Zi; ..i,,) Which are provided by Lemmas 4.2.7, 4.2.8 and 4.2.9 to get

uniform lower bounds on the variance for larger classes of p and t.

Lemma 4.6.1. Let £ > 0 and let p € Pe, t € [0, 15]. Let

1 20,
> —1 — 4.31
log A og< dc ) (4:31)

TE)Tz) | S 0 gs in Lemma 4.2.7. Then

T"(z12)T"(z21)

and c = g log

2
~ c B
Ug’t(fp’t):/fg,tdup,t> ZC lgmtTm

where C' is given by Lemma 4.5.2.
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Proof. Let p € P.. Let z be the periodic point given by Lemma 4.2.7 that satisfies
1 -
|552(fp.e(2))| = .

It follows that either |fp¢(2)| = ¢ or |fp+(T(2))] = ¢. Let i be the symbolic coding
for the point for which this holds. By Lemma 4.2.8, [fp.]a-1 < % and therefore for
m > logA 1og(200) it follows that [fp tla-1 < % < §A™, that is, for all x € Z;, .4,
fot(x) = &. Therefore by Lemma 4.2.9,

2
~ c
/ fosdupy > Zup,t(fn,...ﬂ'm)
> CjC'_letme.

O

Next, we obtain an upper bound for the Lyapunov exponent [ log|T"|dpup
which appears in the denominator of the expression for Sp(t). Now that we have a

uniform upper bound on the Gibbs constants for pp ¢, this result is straightforward.

Lemma 4.6.2. Let p € Py, t € [0, 15]. Then

/log ‘T,‘dup7t <L

where L = Ce?y is some uniform constant independent of p and t.

Proof. By Lemma 4.5.2 we have

log | T (z log |T”
neNp €L, ’T ‘ p( neNp ‘T,(x” 2

< Cel) = L. (4.32)

O]

We are now ready to prove our main result of this chapter. The following
theorem is essentially a restatement of Theorem 3.5.3, this time including the details

about the exact form of G 5.

Theorem 4.6.3. Let 0 < § < % and € > 0. Then

sup dim pp <1 — Geps (4.33)
pPEPe
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where
Gsé — p152€p26(1710g6)7_p2710g5 (434)

for some positive constants p1, pe independent of € and 9.

Proof. By Lemmas 4.6.1 and 4.6.2, for t € [%, 0] and p € P,

2 C—lemc?Tm

174
() Ve, = I
Then it follows that
1—
| S50 _ o™ Bplt)dt+1 1305 - bt dimps
dlmﬂpz_ﬁ;(l)\l L_ 1— i=s S } i—f :
1 1 1

where the first inequality follows by convexity of 8. Therefore,

3
dim pp <1 — §52’y€’5 (4.35)

for all p € P.. Therefore,

3620718m67.m )

2—1 2C
< 1- 30320L 522 (mex 052G (iox loa(P5)
201
< 1- 3907 5 (10g(6250)) (1og(250))
32L
3020_1 200
< 1-— i v (log )d(1—log d) log( ) 10g6
32L ° °
This yields (4.34) with p; = 32 T " and py = log =7 200 O

Remark 4.6.4. Unfortunately, we quickly see that when T is the Gauss map, the
upper bound that Theorem 4.6.3 yields for dim up will be worse than 1 — 107 which
was the corresponding result in [KPW]. The reason for this is that the Rényi con-

stant for the Gauss map is k = 16, which appears in several exponents, such as

l
C = exp <?\A_alf + a> .

Recall that in Lemma 3.5.4 we obtain a uniform upper bound for dim yp for
any p € Py where py is ‘close to 1’. The proof of this lemma appears in Appendix

B and contains similar arguments to the ones presented in this chapter.
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Chapter 5
Redistributing mass

In this chapter we introduce a ‘mass redistribution technique’ to compare Lyapunov
exponents of projected Bernoulli measures for EMR maps. Recall that in Chapter 3
we assumed for simplicity that 7" > 0, meaning that in the orientation preserving
case, 71 = (0,a) for some a € (0,1) and in the orientation reversing case Z; = (b, 1)
for some b € (0,1).

We introduce a partial ordering on the simplex P.

Definition 5.0.5. Let p,q € P where p = (p1,p2,...) and q = (q1,q2,...). We
say that p can be obtained by *-transforming q if there exists some n > m and
e <min{qn, 1 — g} such that p = (q1,-. - qm + &y s Gn —&,...).

Then, we define a partial ordering < on P by writing p < q whenever p can

be obtained by x-transforming q finitely or countably many times.

We’d like to be able to compare the Lyapunov exponents x(up) and x(tp+)
whenever p > p*. Comparing two integrals with respect to distinct measures is
generally quite difficult, especially when the measures are Bernoulli, since they have
a complicated structure once projected to [0, 1] under II. Therefore we would like to
find a way to rewrite x(up) — x(pp+) as the integral of the difference of two distinct
functions, over a common measure. We will do this by constructing a new measure
v which lives on a ‘larger’ space, and projects to up and pp+ under some projections
I1; and II,. In particular, this will allow us to verify that x(pp) — x(pp=) = 0
whenever p > p* (although if it were required, we could also use this technique to
provide more quantitative information about the size of x(up) — x(pp+)). We will
present these arguments in Section 5.1.

We'll use the arguments from Section 5.1 to help us complete the proof of
Theorem 3.3.1. In particular, we’ll use the fact that x(pp) = x(pp+) whenever
p > p* in order to prove Theorems 3.5.5 and 3.5.6. Roughly speaking, to prove
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Theorem 3.5.5 we’ll show that there exists p* € Py for which p* < p, so that
X(pp+) < x(pp), and moreover, dim p1p < dim pp+. Recall that £ was introduced in
Section 3.5 to be some explicit constant 0 < £ < 1 and is made precise in (B.1). To
prove Theorem 3.5.6, we’ll show that there exists some term E. which depends only
on &, such that for any p € Py \ P with p; < £, we can find p* € P, with p* < p
and

dim pp < dim prps + Ee.

Finally, we’ll show that for some § > 0 and ¢ > 0, E. < %G&(s, thus completing the
proof of Theorem 3.5.6.

5.1 Estimating x(up) — x(tp+)

In this section we study the difference x(pp) — x(ttp+) whenever p > p* by using a
‘mass redistribution technique’.

Let p = (p1,p2,...). For n < m and € < min{p,,, 1 — p,, } let

p>k = (p17p2)' -y Pn—1,Pn +57pn+17 - s Pm—1,Pm — &, Pm+1, - - )

Let pip, ptp+ be the usual pushforward Bernoulli measures on [0,1]. Let ¥5 = ({0} U
N)N, equipped with the full shift map og : g — .
We define two projections I : ¥ — ¥ and 15 : ¥y — ¥ given by

yp=x if xp#0

M (z1z2...) =192 .. ) 7
ye=n if zp=0

yp = if 2 #0

Hg(xl.%'g...):ylyg... .
yp=m if x, =0

Let v be the Bernoulli measure on ¥ associated to the probability vector (go, q1,...) =
(€,P15--sPny---sDm — €, ...). Clearly II(II1(v)) = pp- and I(Ilx(v)) = pp.

The above technique of writing distinct measures as projections of some
common measure is based on an idea of Anthony Quas which was communicated to
me by Mark Pollicott.

We are interested in x(up) — x(ttp+). When the branches of T' preserve

orientation, (7" > 0) this is easy to understand.

Lemma 5.1.1. Let T be an EMR map such that T' > 0. Let p, p*, v, II, Iy be
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as above. Then

Proof. Since the branches of T are orientation preserving,
IIo Hg(l) 2 IIo Hl(l)
for all i € 3¢. Since T" is increasing it follows that

/log\T'oHoHﬂdu} /10g|T/oHoH1]dl/.

But v o 1'[1_1 oll™! = pp« and v o 1'[2_1 oII™! =y, thus the result follows. O

In the case that 7" < 0, this is the precise point at which we utilise the fact
that the derivative of the second iterate of 7" is monotone in ‘level 1’ cylinders. This

allows us to obtain the following analogue of Lemma 5.1.1.

Lemma 5.1.2. Let T be an EMR map that is orientation reversing (I" < 0). Let

*

p, P*, v be as above. Then

X(tp) — =

(z / o
WESe, \neN Y [nwl]

*
where X% .,

denotes all finite words over the alphabet N of even length.

Proof. We define A, B C ¥ to be the sets
A:={ie%: mkin{ik =0} is even}

and
B := {(i€ ¥y :min{ix =0} is odd ;.
{(ie %o mkln{zk 0} is odd}

Therefore

A= U [wO]

weXY 14
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and

B= |J [wo]

weXk

even

*
even

all finite words over the alphabet N of even length. Note that by the Birkhoff ergodic
theorem, v (X9 \ AU B) = 0.

Observe that for i € A, II(II;(i)) < II(IIz(i)) and for i € B, II(IIx(i)) <
II(II;(i)). Now,

where ¥, denotes all finite words over the alphabet N of odd length, ¥ denotes

X(p) = / log|T/|dup:/10g|T’oH|dH2(V):/ log |T" o IT o Ty |dv
[0,1] by %o
= /log|T'oHoH2]dy+/log|T’oHoH2|dV
A B

and similarly

X(Np*):/ log|T/|dup:/10g|T/oH|dH1(y):/ log |T" o IT o T |dv
[0,1] ) %o
:/log]T'oHoﬂlldzj+/log|T’oHoH1|dV.
A B

Thus, we need to find

(1) = X(ppr) = [ dog | oMo
Xlp) = x(ppr) = | log |5

= > ( /[wm log

weRH

even

T oIl oIl

Tollot, |

dv —/ log
A

T oIl oIl
°oo2 du—/ log
Unenlnw0]

T ollo Il
Observe that both of the above integrals are positive since for z < y, |T"(x)| >

T oIl oIl

IT(y)|]. Fix w € 3%, (where w can be the ‘null’ word). Then since v is og

dv = / log
[wO]

= / log
Uneny [nw0]

= / log
Uneng [nw0]

neNg

invariant,

/ log
[wO]

T' oIl oIls
T ollo Il

T' oIl o1ls
T ollolIl
T' oIlolls 009
T oIl oIl ooy
T oTolloll,
T oTollolly

—1
dv oo,

dv

v

where Ny = NU{0} and the final line follows because I1yo0¢ = ooll;, Ilgoog = oolly
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and I[Ioo =T oIl. It follows that

X(pp) — X(pp~) =

> (X

weRX neN

even

(Y (ML) .
(T2)(T1(I14 (1)) ‘ dv (i) + /[Owo]l &

The first term is positive by the assumption that (72)'(x) > (T?)'(y) for any z,y €
7, with x > y. The second term is positive since for all i € [0w0], T(IT o II5(i)) <
T(IIoIli(i)) and so

/ log [T" o T oMl oy| —log|T" o T oIl oIl |dv > 0.
[0w0]o

O]

This gives us the following important result which allows us to compare

Lyapunov exponents via the partial ordering on probability vectors.

Corollary 5.1.3. Suppose T is an EMR map where T' is monotone. If p »= p*
then x(pp) = X(pp+)-

Remark 5.1.4. Since x(pp) — x(pp=) can always be expressed as a sum of non-
negative terms, it is clear that better lower bounds should be available for the dif-
ference x(pp) — x(pp=). Although 0 is a sufficient lower bound for our purposes, in
a recent joint work with Baker [BJ], positive lower bounds were used to study the
related problem of determining the existence of a Bernoulli measure with maximal

dimension amongst Bernoulli measures.

Also, we immediately obtain the following lower bound for the Lyapunov

exponent of any Bernoulli measure in the setting where 77 < 0.

Corollary 5.1.5. Let p € P and T be an EMR map from the setting of Theorem
3.3.1 such that T" < 0. Then x(up) = log |T'(II((1)°))| > 0.

For example, this means that for any Bernoulli measure pp for the Gauss

map, x(up) = —2log(¢ — 1) where ¢ denotes the golden ratio.

5.2 Proofs of Theorems 3.5.5 and 3.5.6

In this section, we complete the proof of Theorem 3.3.1 by using the ideas from the

previous section. Recall that Py was defined to be all p € P such that
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2542
s+3 °

(a) dimpp >

(b) p has all strictly positive entries, possibly apart from a tail of zeroes. In other

words, p, # 0 unless pr = 0 for all &k > n.
(c) % is bounded in n.

Recall also that P. = {p € Py : p1,p2 = ¢}, P* = {p € Py : pp, > 0Vn} and
P> = U,en P" where P denoted the set of probability vectors which were fully
supported on the first n digits.

We will begin by proving Theorem 3.5.5, that

sup dim pp < sup dim pp.
pP<EP\Po pP<EPo
The proof of this will involve various arguments whereby we move mass in such a
way that we obtain a measure pp« with p* € Py, that is, whose dimension we do
know about, and such that p > p* so that x(up) = X(ip+). By combining this with
estimates on the change in entropy, we will be able to bound dim pp by dim pip+ and
obtain the result. We will tackle this in Section 5.2.1.

After proving Theorem 3.5.5, this will allow us to restrict our attention to
obtaining a uniform estimate for sup,ep, ., <¢ dim pip, that is, to the proof of Theo-
rem 3.5.6. Recall that by Theorem 3.5.3, we know that for sufficiently small € and
9,

sup dim pp <1 —Geps.
PEP:

In Section 5.2.2, we fix € and construct an algorithm which will allow us to take
p € Po\P: with p; < &, and output p* € P. where p > p* (so that x(up) = x(tp+))
and the entropy change is bounded. This will let us find the term E. for which

sup dim pp < sup dim pp + E:
PEPO\Pe:p1<§ pPEP:

and then finally choose €, > 0 for which E. < %GE,(;, thus completing the proof.

5.2.1 Proof of Theorem 3.5.5

In this section we prove Theorem 3.5.5, that is, we show that

sup dim pp < sup dim pp.
pPEP\Po pEPo
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If p ¢ Py then either (a), (b) or (c) of Definition 3.5.1 is not satisfied. If (a) is

not satisfied, then trivially dim pp < 25‘9;,’2

Therefore it suffices to prove that if either p € P\ (P*UP>) or if I%\ is unbounded

< Suppep, dim pip by definition of Po.

in n, then

dim pp < sup dim pp.
PE€Po

WEe'll treat each of these cases separately, beginning with the assumption that p €
P\ (P*UP>).

Suppose p € P\ (P*UP>). We define p* to be the unique p* € P* U
P> which can be obtained from p by replacing any finite string of zeroes in p by
redistributing the mass from the next non-zero entry uniformly over the preceding

zero entries and itself. For example, given

P= (p17p270707p57 07p77p87 .. )

where all of the terms are non-zero unless explicitly stated, then

b5 Ps Ps Pr DP7
P =( ).

The following lemma describes the change in entropy.

Lemma 5.2.1. Let p € P\ (P*UP>). Define p* € P*U P> as described above.
Then h(pp) < h(pp*).

Proof. Without loss of generality, we can assume that all entries are non-zero apart

from one string of zeros (and possibly a tail of zeroes). Let’s say

P = (p17p27 o 7pn707 cee 707pn+77’mpn+m+17 .. )

where entries (except possibly the tail) are all non-zero unless stated explicitly oth-

erwise. Then we obtain p* to be

x Pn+m Pndm Pn+m
p _(p17p2)"'7pn7 ) yeeey apn-‘rm-ﬁ-l)"')‘
m m m
Then
Pn+ p
h(pp) — h(pp*) = —Pnim10gPnym +m - T Jog Entm

Pn+m

=  —Pn4+m 10g Prn4+m + Pn+m log

= —Pp+mlogm < 0.
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The result follows. O
Using Corollary 5.1.3 and Lemma 5.2.1 we immediately see that we can deal
with the case where p ¢ P* U P.

Lemma 5.2.2. Suppose p ¢ P* U P>. Then there exists p* € P* U P> for which
dim pp < dim pup.

Proof. Let p € P\ (P*UP>). Then using Lemma 5.2.1 we can find p* € P*UP>
such that p* < p and h(up) < h(pp+). Therefore by Corollary 5.1.3

h(pp~)
X(tp+)

dim pp = = dim pp=.

O]

Next, we need to consider p where the weights p,, are decaying at a slower
rate than |Z,|. The following lemma provides the appropriate upper bound for

dim p.

Lemma 5.2.3. Suppose I%\ is unbounded and p € P* UP>*. Then

dim pp < sup dim pq.
q€Po

Proof. Suppose p = (p1,p2,...) is such that p € P* U P>. The main point of this
lemma is to show that we can approximate the dimension of up arbitrarily well by
the dimension of a finitely supported measure pp+ (so that p* trivially satisfies the
hypothesis that % is bounded and therefore p* € Py). A consequence of this is

that even if % is not bounded then dim up < supgep, dim pq as required. Denote

¢ = sup dim pq.
ac€Po
Let a > 0 be arbitrary and fix 6 < sapp where ¢pp = (1—p) inf{log|T"(z)| : = € I }.
Fix € > 0 sufficiently small so that —eloge < § and N sufficiently large that
— > ypnlogp, <6 and Y 07y py < e. Now define

00
p* = (ppra" -yPN-1, Z pn70a0a" ) .

n=N

Then since (b) and (c) of Definition 3.5.1 are satisfied, either dim pip+ < stj? (that

is, (a) fails) or p* € Py. Notice that % _ 1. Clearly |h(pp) — h(pp+)| < 6 and
X(Mp*)
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by Corollary 5.1.3, x(up) = x(ptp+). It follows that

dim(pp) <

Since o > 0 was arbitrary, the result follows. ]

Finally, by combining Lemmas 5.2.2 and 5.2.3 we can prove Theorem 3.5.5.
Proof of Theorem 3.5.5. Suppose p ¢ Py. We want to show that

sup dim pp < sup dim pp.
pG'P\Po PEPo

Recall that for p € Py then (a), (b), (¢) of Definition 3.5.1 must be satisfied.

2542
s+3

Suppose p does not satisfy (a). Then dim pp < < suppep, dim pp and we are
done.

Suppose p does not satisfy (b). Then by Lemma 5.2.2 there exists p* €
P* U P> such that dim pp < dim pp+. If p* does not satisfy (a), we are done. If p*
does not satisfy (c), by Lemma 5.2.3 we are done. Otherwise, p* satisfies (a), (b),
and (c) and so p* € Py and so we are done.

Suppose p does not satisfy (c). If p does not satisfy (a) or (b) then by the

arguments above, we are done. Otherwise, by Lemma 5.2.3 we are also done. O

5.2.2 Proof of Theorem 3.5.6

In this section, we prove Theorem 3.5.6 and thus conclude the proof of Theorem
3.3.1. Recall that & was introduced in Section 3.5 to be some explicit constant
¢ € (0,1) and is made precise in (B.1). In this section, we will prove that there

exists 0 < % and some ¢ > 0 such that

sup dim pp <1 — 1G&5.
PEPO\Peip1<§ 2

Therefore, throughout this section we will fix arbitrary e > 0 and consider p € P\ P:
with p; < &, that is, some p for which either p; < € or py < € (or both), with the
restriction that p; must be smaller than & The goal will be to find some term E.,
which depends only on &, such that for any p € Py \ P with p; < &, there exists a
p* € P. such that

dim pp < dim prps + Ee.
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The idea would then be to choose some 0 < § < % and € > 0 such that F. < %G&g.
From here it would follow that dimpup < 1 — %GE,(;, thus completing the proof of
Theorem 3.5.6.

We will begin by describing a general algorithm which allows us to input some
probability vector p which satisfies some hypothesis, and produce some p* < p
where a chosen co-ordinate in the new probability vector will now be uniformly
bounded below by some chosen . Since p* < p, by Corollary 5.1.3 we know that
X(pp) = x(pp+). Moreover, we will be able to get a uniform bound on the entropy
change h(up) — h(pp+) that occurs after applying the algorithm to p. The entropy
change will be dependent on € and on how sparsely the mass in pp is distributed.

Next, we’ll investigate the implications of the general results described above
to the particular setting where p € Py \ P-. In particular, we’ll find some term E.
such that given p € Py \ P- with p1 < £, we can find p* (by an application of the
algorithm) for which

dim pp < dim prps + Ee.

The choice of candidate p* for p will depend on the specific details about
the weights p,,, for instance, whether only one or both of p; and ps is less than e.
To this end, we will separate the general scenario that p ¢ P. into five cases, and
in each we will apply the algorithm slightly differently. Consequently, we’ll show
that there exists a uniform A > 0 such that for each p we can produce p* € P, with
dim pp < dim pp+ + A(e — eloge) (so E. = A(e — eloge)). Finally, by combining
this with the exact form of G, s provided by Theorem 4.6.3, we can prove that there
exists 9, > 0 with E, < %G&g, concluding the proof of Theorem 3.5.6.

An algorithm

We begin by describing a general algorithm which, given some chosen € > 0 and
some probability vector p that satisfies a hypothesis about the distribution of mass
amongst its weights p,, allows one to produce p* < p where a chosen co-ordinate
pj. of the new probability vector satisfies p;, > €. In order for the algorithm to be
well defined, we need to make some assumptions on the weights of p. For instance,
the chosen weight p of the old probability vector should satisfy p; < €, and there
should be enough mass amongst the weights ‘further down’ the probability vector
p to make it possible to x-transform it and obtain a suitable p*. The hypothesis

below makes this precise.

Hypothesis 5.2.4. Fize > 0 and 1

k <m. We say that i satisfies the (e,k,m)
hypothesis if pp <€ and Y 02 1P =3

<
= 3e.
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So the (e, k,m) hypothesis basically ensures that some weight p; < e and
that we can ‘correct this’ by redistributing mass from the digits (pn)n>m+1-

Suppose p satisfies the (e, k,m) hypothesis. Then the (e, k, m) algorithm is
as follows. We start with p and n =m + 1.

1. Move min{&, ¢} mass from the nth co-ordinate to the kth co-ordinate.
2. Replace p with the output of 1.
3. If pr > € then stop.

4. If py, < e then replace n with n 4+ 1 and return to 1.

We denote the final probability vector that we are left with once the algorithm stops
by p*.
We define N € N to be the first integer for which

m+N P
K+ j{: Inhl{?g,s} > e (5.3)
n=m+1
Then N is just the number of weights that we move mass from before we stop the
algorithm, or alternatively the number of times we repeat the algorithm. We call N

the stopping time. By construction

m+N m+N-1
€< pr+ Z min{%,s}:pk+ Z %—i—min{meJrN,s}gk.
n=m-+1 n=m-+1

Then we can write p* explicitly as

erNflp D D
§ : . +N +1
p*: <p17"'7pklapk+ ?n—i_mln{ i 75}7pk+17---7pm7 = )

n=m-+1 2 2
Pm+N-1 . [ Pm+N
..,%,pm+z\/—mln{ m2+ ,5},pm+N+1,...>. (54)

Observe that p* is well-defined, i.e. the algorithm will stop, because by
assumption » 7 41DPn = 3e. Thus the reason we required that . L1Dn = 3¢
rather than just 7 4+1Pn = € 18 because in order avoid some of the entries of p*
being 0, we only move at most half of each weights mass at a time. Also observe
that the algorithm uniquely chooses p*. Finally observe that p* < p.

In practise, we will consider p that satisfy Hypothesis 5.2.4 for the cases
where k = 1,2, that is, p1 < € or po < € and m = k, k + 1, that is, we start taking

mass either from the next co-ordinate or the one after (depending on the setting).
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The following lemma gives a bound on the change in entropy that might occur

when applying the algorithm to some p which satisfies the (e, k, m) hypothesis.

Lemma 5.2.5. Let p satisfy the (e, k,m) hypothesis. Apply the algorithm to obtain
p* and let N be the stopping time for the algorithm, i.e. such that (5.3) is first
satisfied. Then h(pup) — h(pp-) < 6elog(N + 1) — 8cloge.

Proof. Suppose P2 < e, Then

|h(pp) — h(pp+)

pr log pr + Pm+1 log Dm+1+ - . Pm+N logpm+N

1 1

- 5(21% + Pma1 + - Pman) log 5(2]% + Pmt1+ - DmtnN)
1 1 1 1

— gPmt1 log GPm+1 = - T GPmeN log SPm+N

k, Pm+1 Pm+N
logpﬁ pm+1 N 'pm+N

> %(2pk+pm+1+~--Pm+N)

1
— log (2(21% + Pmt1 + o PmtN)

1 1
1 2Pm+1 1 2Pm+N
— log <2pm+1> .. <2pm+N> .

First we consider the first term. Let S denote the sum

S =pk+DPmt1+ .-+ PpmynN < de.

Then

—log P - Py < —log

N
|
<)
0Q

Il
|
5}
o
7 N 7 N N
=
+
[
N~ N
w0

1
< 4delog(N 4+ 1) —4eloge

where the first line follows because entropy is maximised when weight is distributed
uniformly.

Similarly, for the third term, observe that since %(2pk FPmt1F - PmaN) < 28
then,
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1 2Pm+1 1 3Pm+N
—log <2pm+1> <2pm+N> < 2elog(N) — 2eloge.

Finally we consider the second term. Observe that since the derivative of x*

is (1 +logx)a® it follows that for < e™!, 2% is monotonically increasing to 1 as
x — 0. That is, log 2® monotonically increases to 0 as x — 0.

Thus, it follows that since 1(2p, + ppt1 + ... Pnan) < 26,

L 2pptpmirt Pmin)
) < —log(26)* < —2¢loge.

1
—log 5(21% + DPm+1+ - PmanN)

Thus we get
|h(pp) — h(pp+)

Now for the other case suppose that p,,+n > . Then

< 6elog(N + 1) — 8eloge.

h(pp) = hpp-)| =

pr log pr + Pm+1 10gpm+1 + .. .Dm+N log Pm+N

1 1
- (5(21% +Pma1 + - PmanN—1) +€) 10g(§(2pk +Pmt1 + - PmiN—1) T €)
1 1 1 1
~ 3Pm+1 log SPm+l = - T 5PmeN-1 log SPm+N-1 = (PN —€)10g(Pmin —€)
=|log PRl PR

1
—log(5(2pk + Pm+1 + - PmiN—1) + 5)%(2pk+pm+1+"'pm+Nfl)+€

2
1 ) 1 L Pm+N
_1 + Pm+1 (Z 1 )2PmN-1 ] m+N )
8(3Pm+1) e

Similarly to before, since px + Pm+1 + - - - + Pman—1 < 2¢ it follows that the
first term satisfies

—log plFpmi .. Zﬁr*]{,\] 1 < 2elog(N) —2¢eloge.
The second term satisfies

) %(Zpk‘i’pm-H +.~-pm+N_1)+€

1
—log <2(2Pk + Pmt1 + - DmyN—1) + € —2¢eloge.
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The third term satisfies

1 1
- log(§pm+1)%pm+1 e (ipm+N_1)%pm+N—1 <elog(N —1) —cloge.

For the final term observe that 0 is increasing on (g, 1] since it has derivative

II
r—e)TE

r%(z — )" Flog ;X

(@ — 2)2@—2) >0
therefore
PN
0 > log (o — £)Pmin e > cloge.
Therefore,

h(pp) < h(pp+) + 3elog(N) — 6eloge.

O]

We are now ready to apply the more general ideas above to our specific case
of interest: the case when p ¢ P.. It is easy to see that we will not be able to apply
the algorithm in a unanimous way, since the distribution of mass may vary e.g. for
some p we may need to increase both the first and second weights, for others only
the first or the second. Therefore, it will be necessary to split up the next part of
this section into four separate cases: firstly where both p1,ps < €, secondly where
p1 < €, po = 2¢, thirdly where p; < €, € < pa < 2¢, and finally where € < p; < &,
P2 < € < %. In each case, p will satisfy a slightly different variation of the
hypothesis, and thus we shall apply the algorithm slightly differently.

Case 1: p1,pa <e

Let p = (p1,p2,...) € Po \ Pe be such that p1,ps < . We can see that p satisfies
the (e,1,2) hypothesis since p; < e and ) > s p,, > 1 —2¢ > 3e. Thus, we can apply
the algorithm (with £ = 1, m = 2) and obtain p’. Let N7 denote the stopping time
for this algorithm, that is, the first time Ny that

2+ Ny
p1+ Z min{%,a} > €.
n=3

Observe that pj > ¢ and pl, < e. Therefore p’ satisfies the (¢,2, N1 4+ 1) hypothesis,
and we can apply the algorithm again to obtain p*. Let N> denote the stopping
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time for this application of the algorithm, that is, the first time that

Ni+N2+1

. [ Pn }
= >e.
p2 + E m1n{2,5 €

n=N1+2

Observe that p},p5 > € so either p* € P, or dimpp < 2;‘?. Also observe that

p* > p’ > p, so by Corollary 5.1.3, dim pp > dim pip+.
By Lemma 5.2.5

h(pp) — h(pp) < 6elog(Ny + 1) — 8cloge

and also
h(pp ) — h(pp) < 6elog(No + 1) — 8eloge.

Combining these two, we deduce that
h(pp) — h(pp+) < 12elog(Ny + Na + 1) — 16¢e loge.
Also, since p1 + %pg + - %leH < ¢ this implies that
p1tp3+ PN < 2
and similarly, since po + ileJrz + %leJrg + - %leJrNQ < g, then
P2+ PNi+2 + PN 43+ DN 4N, < 4e.

Combining the two inequalities above, we deduce that >, _ Ny+Not1Pn = 1—06e and

therefore Zn:N1+NQ+1 py = 1 —Te, that is, pp+ supports at least 1 — 7e mass on

Un:N1+N2+1 In'
The information about the change in entropy and Lyapunov exponent and

distribution of mass in pp+ allows us to get an upper bound on the dimension of 1y

in terms of dim pp+ and €.

Lemma 5.2.6. Let p € Py \ P be such that p1,p2 < €, and use the notation given

above. Then there exists a uniform constant \y > 0 such that
dim pp < dim pps + Ai(e — eloge).

Proof. Using the notation given above, by applying Corollary 5.1.3 and the above
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estimate for the entropy change,

h(pp+) + 12elog(N1 + N2 + 1) — 16eloge

X(kp+)
12elog(Ny + No + 1) — 16eloge

(1= 7e)inf{|T"(z)| : © € Iny+np41}

dimpp <

< dim pps +

The result follows because .ILN, is uniformly bounded (which itself is true
infrer, log[T7(z)]
because |Z,| are polynomially decaying). O

Case 2: p; <e¢g, pg = 2¢

Let p = (p1,p2,...) € Po \ P: be such that p; < e and ps > 2¢. We can see that p
satisfies the (e, 1,1) hypothesis since p; < € and > > ,p, > 1 — e > 3e. Thus, we

can apply the algorithm (with k¥ = m = 1) and obtain p*. Clearly the stopping time

2542

Pl Also observe

N = 1. Observe that pj,p5 > € so either p* € P, or dim pp <
that p* > p, so by Corollary 5.1.3, dim pp > dim pup«.
By Lemma 5.2.5

h(pp) — h(pp+) < 6elog(N + 1) — 8cloge.

Also, since p} < 2¢, >, _,p}, = 1 — 2¢, that is, pp+ supports at least 1 — 2¢
mass on (J,,_o Zn.

The information about the change in entropy and Lyapunov exponent and
distribution of mass in pp+ allows us to get an upper bound on the dimension of pp

in terms of dim pp+ and e.

Lemma 5.2.7. Let p € Py \ P- be such that p1 < € and p2 > 2¢, and use the

notation given above. Then there exists a uniform constant Ay > 0 such that
dim pp < dim pp+ + Ao(e — eloge).

Proof. Using the notation given above, by applying Corollary 5.1.3 and the above

estimate for the entropy change,

h(pp+) + 6elog(2) — 8clog e
X (kp*)
6elog(2) — 8cloge
(1 —2e)inf{|T"(2)| : z € To}

dim pp <

The result follows because Mgﬁ% is uniformly bounded (which itself is true
TELN
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because |Z,| are polynomially decaying). O

Case 3: p1 <e, e <py <2

Let p = (p1,p2,...) € Po\ Pe be such that p; < € and € < py < 2. We can see that
p satisfies the (e,1,2) hypothesis since p; < ¢ and Y 2 4 p, > 1 — 3¢ > 3e. Thus,
we can apply the algorithm (with & = 1, m = 2) and obtain p*. Let N denote the
stopping time for this algorithm, that is, the first time IV that

24+N
p1+ Z min{%,a} = €.
n=3

2542

P Also observe

Observe that py,p5 > € so either p* € P. or dim pp <
that p* > p, so by Corollary 5.1.3, dim pp > dim pup.
By Lemma 5.2.5

h(pp) — h(pp+) < 6elog(N + 1) — 8cloge.
Also, since p1 + %p?, + - %pNH < ¢ this implies that

p1+p3+ Pyt < 2e.

We deduce that ) _ . opn = 1 —4e and therefore ) . ,p), > 1 — 5e, that is,
pp+ supports at least 1 — 5¢ mass on (J,_ 9 Zn-

The information about the change in entropy and Lyapunov exponent and
distribution of mass in pp+ allows us to get an upper bound on the dimension of pp

in terms of dim pp+ and €.

Lemma 5.2.8. Let p € Py \ P: be such that p1 < € and € < py < 2¢, and use the

notation given above. Then there exists a uniform constant A3 > 0 such that
dim pp < dim pp- + A3(e — eloge).

Proof. Using the notation given above, by applying Corollary 5.1.3 and the above

estimate for the entropy change,

h(pp+) + 6elog(N + 1) — 8cloge
X(pp+)
6elog(N + 1) — 8cloge
(1 —5e)inf{|T"(z)| : © € In42}

dimpp <
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The result follows because log IV (] is uniformly bounded (which itself is true

infyezy, log|T”
because |Z,| are polynomially decaying). O

Case 4: 5<p1<f,p2<5<1%£

Let p = (p1,p2,...) € Pop \ P: be such that e < p; < & p2 <e < %. We can see
that p satisfies the (e,2,2) hypothesis since p) < e and > ;2 sp, > 1—& —e > 3e.
Thus, we can apply the algorithm (with & = m = 2) and obtain p*. Let N denote
the stopping time for this algorithm, that is, the first time N that

2+N
p2 + Z min{%,s} = E.
n=3

2542
s+3 -

Observe that py,p5 > € so either p* € P. or dim pp < Also observe
that p* > p, so by Corollary 5.1.3, x(ip) = x(ftp*)-

By Lemma 5.2.5
h(pp) — h(pp+) < 6elog(N + 1) — 8cloge.
Also, since po + %pg 4+ %pNH < € this implies that

P2+ p3+ - pNy1 < 2e.

We deduce that } _n opn = 1 — & — 2¢ and therefore v ,p; > 1—¢§ — 3¢,
that is, pup+ supports at least 1 — £ — 3¢ mass on U;’LOZNH Tn.

The information about the change in entropy and Lyapunov exponent and
distribution of mass in pp+ allows us to get an upper bound on the dimension of yp

in terms of dim pp+ and e.

Lemma 5.2.9. Let p € Py \ P- be such that e < p1 < 1—¢&, pa < &, and use the

notation given above. Then there exists a uniform constant Ay > 0 such that
dim pp < dim pp+ + Ag(e — eloge).

Proof. Using the notation given above, by applying Corollary 5.1.3 and the above

estimate for the entropy change,

h(pp+) + 6elog(N + 1) — 8loge
X (kp+)
6elog(N + 1) — 8cloge
(1—¢—3e)inf{|T"(x)| : x € Inyo}

dim pp <
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The result follows because log IV (] is uniformly bounded (which itself is true

infyezy, log|T”
because |Z,| are polynomially decaying). O

By combining Lemmas 5.2.6, 5.2.7, 5.2.8 and 5.2.9 we immediately obtain

the following corollary which provides us with the exact form of E..

Corollary 5.2.10. There exists a uniform constant A > 0 independent of ¢ such
that,

sup dim pp < sup dim pp + A(e — eloge).
PEPO\Peip1 <€ pEP:

Proof. This follows directly from the above. O

Using Corollary 5.2.10 we can complete the proof of Theorem 3.5.6, that is,
find £,6 > 0 for which E. < 1G. 4 and so SUPpep\ Poipr <¢ Aim pp < 1 — 1G.s.

Proof of Theorem 3.5.6. Fix ¢ sufficiently small so that §(1 — logd) < p%. We need

to show that for some 0 < € < 14;5 we have

1-G.5+Ae—cloge) < 1.

It is enough to show that for our choice of § > 0,

—el
lim Ae —eloge)

=0.
e—0 G575

Substituting in for G. 5 we see that we need to prove that

. Ae —eloge)
lim -0
e—0 p1(525026(1_10g5)7—p2—10g6
It is enough to show that
1—1loge
ST (5.5)

which is the case whenever p2d(1 —logd) — 1 < 0, that is, (1 — logd) < p%.
Now, fix 0 < gy < 14;§ sufficiently small so that

1
Aeo — eologep) < 56’5075.
Then we have that
. 1
sup dimpup <1 - -Gey5

PEP\Pe1p1 <€ 2
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and so the result follows.
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Chapter 6

Dimension of equilibrium

measures

6.1 Introduction

Let {S;}"_; be a self-affine IFS on R? with attractor A. In particular, recall that
this means each of the maps S; = A; + t; where A; are d x d contracting non-
singular matrices and t; € R? are translations. See Section 2.4.3 for an introduction
to self-affine sets. Let ¥ be the full shift on n symbols and IT : ¥ — R? be the
canonical coding map. Recall that, given a measure m on 3, we can define a
measure j = m o II~! on the self-affine set A.

In recent years, there has been considerable interest in studying the dimen-
sion of measures which are supported on self-affine sets. The analogue of this prob-
lem is well understood in the self-similar case. In particular, Feng and Hu [FH]

proved the following very general result.

Theorem 6.1.1. Let {S;}?, be a C* IFS on X C R? (that is, each map S; evtends
to a contracting C* diffeomorphism S; : U — S;(U) C U for some open set U D X ).

Let m be an ergodic measure on ¥ and p = moII71. If x1(n) = xaq(p) then p is

h(p)
x1(p)

exact dimensional and dim p =

Since a1(i|,) = ay(i|,) for all i € ¥ whenever we are working with a self-
similar IFS, the above result tells us that the projection u = moIl~! of any ergodic
measure m to a self-similar set is exact dimensional. More generally, it also tells us
that if we have a self-affine system and ergodic (projected) measure where all of the
Lyapunov exponents coincide, then that measure is also exact dimensional.

Once we move to the more general self-affine setting, the problem of determin-

ing the dimension of a measure becomes significantly more challenging. Essentially,
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this is down to the fact that the different contraction ratios in different directions
makes the geometry of a self-affine attractor considerably more difficult to analyse.

The ‘Ledrappier-Young formula’ refers to a dimension formula originating
with [LY1; LY2], which gives the exact dimension of a measure in a non-conformal
setting in terms of entropy, Lyapunov exponents and dimensions of projected mea-
sures. The measures originally considered by Ledrappier and Young were invariant
measures for C? diffeomorphisms, but the formula has shown up in various contexts
since their original work. One of the contexts where this formula has cropped up is
in the study of measures supported on self-affine sets.

Recall that we say that a measure p is a self-affine measure if for some self-
affine IFS {S;} ; with coding map IT : ¥ — R?, there exists some Bernoulli measure
m on X such that x4 = m oII~!. In some sense, a self-affine measure is the simplest
and most natural measure which a self-affine set A can support. However, it was not
until [BK] that the problem of determining the exact-dimensionality of self-affine
measures was resolved. Note that in the following results, to avoid introducing
unnecessary notation we will not give the exact form for the Ledrappier-Young
formula, since the expressions would be more complicated than the expression that

we will be dealing with. In [BK], Bardny and Kdenméki proved the following result.

Theorem 6.1.2. Let . = mo II™! be a self-affine measure corresponding to the
self-affine IFS {S;}I, on R?. If the Lyapunov exponents of u are all distinct, that
18,

0<xi(p) < - <xalp) <1

then p is exact-dimensional and satisfies (the appropriate version of ) the Ledrappier-

Young formula.

In the general R? setting, the result of Barany and Kienméki leaves ques-
tions unanswered, such as how things stand when two Lyapunov exponents are not
distinct. However, if we take d = 2 and combine their theorem with Theorem
6.1.1, then at least in the planar case we can verify the exact dimensionality of any

self-affine measure.

Corollary 6.1.3. Let u = molIl~! be a self-affine measure corresponding to the self-
affine IFS {S;}"_; on R%. Then u is exact dimensional and satisfies (the appropriate

version of ) the Ledrappier-Young formula.

Proof. By Theorem 6.1.1, if x1(u) = x2(p) then u is exact-dimensional. The case
where x1(p) < x2(p) follows from Theorem 6.1.2. O
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Another direction is to consider more general measures supported on self-
affine sets. In [BK], Bardny and Kéenmaéki also considered quasi-Bernoulli measures,
under some assumptions on the IFS. Before we state their result, we introduce the

Totally Dominated Splitting condition, which is used in their result.

Definition 6.1.4. Let {S;}7, = {A; +t;}7, be a self-affine system in RY. We say
that the d x d matrices {A;}I, satisfy the Totally Dominated Splitting condition if
there exist constants C > 1 and 0 < A < 1 such that for each r € {1,...,d — 1}

either

OérJrl(Ai\ )
IRt LA o (6.1)
ar(4y,)
forallie X andn € N or
. ary1(45,)
C 7%(14””) (6.2)

for allie® and n € N.

Essentially, the totally dominated splitting condition ensures that neighbour-
ing singular values are either ‘exponentially separated’ from one another or essen-
tially equal. Observe that for any ergodic measure m on 3, the totally dominated
splitting condition implies that for each r € {1,...,d} either x,(m) = xy4+1(m) or
Xe(m) < xo(m) = log A < Xy (m).

Under this condition, Bardny and K&enméki [BK] proved an analogue of
Theorem 6.1.2.

Theorem 6.1.5. Let 1 be a quasi-Bernoulli measure for a self-affine IFS {S;}},
where the matrices {A;} satisfy the Totally Dominated Splitting condition. Then u
is exact dimensional and satisfies (the appropriate version of ) the Ledrappier- Young

formula.

In this chapter, we consider a natural class of measures which are not quasi-
Bernoulli, and prove that they are exact dimensional and satisfy the appropriate
version of the Ledrappier-Young formula. However, as in Theorem 6.1.5, we also
pay the price of having to restrict to a specific class of self-affine sets. Our setting
can be viewed as an extension of the self-affine carpets discussed in Section 2.4.3; in
particular we consider planar self-affine sets generated by IF'S where the contractions
are all either diagonal or anti-diagonal matrices. We will define these in Section 6.1.1.

One of our main tools, which may be of independent interest, is that even

though our measures are not quasi-Bernoulli, we show they are equal to the sum
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of (the pushforwards) of two quasi-Bernoulli measures on an associated subshift of
finite type.

The chapter is structured as follows. In 6.1.1, we introduce the class of
self-affine sets that will be considered.

In Section 6.2 we introduce the measure whose dimension we will be study-
ing and conduct an analysis of its structure. This will involve introducing a related
subshift of finite type and showing that our measure can be written in terms of two
quasi-Bernoulli measures which are supported on this shift space. This characteri-
sation forms the backbone of all subsequent proofs.

In Section 6.3 we state and discuss the main dimension related results of this
chapter. In Section 6.4, using the description of the measure provided in Section

6.2, we prove these results.

6.1.1 Our class of planar self-affine sets

In this section, we introduce the class of self-affine sets that will be studied through-
out this chapter.

Let Z = {1,...,d} be a finite alphabet and {S;};cz be a finite collection of
affine maps acting on the plane such that the associated linear parts are contracting
non-singular 2 X 2 real-valued matrices with non-negative entries which are all either
diagonal or anti-diagonal and we assume the collection contains at least one of each.

In particular, we order the maps in the following way: let S; = A; + t; where

AZ‘ _ a; 0

_0 bz-

for ¢ <l and ) .
AZ‘ _ 0 a;

_bl O_

for ¢ > [ where [ — 1 is the number of diagonal matrices in the IFS, that is, 1 < [ <
|Z| = d. We will also assume that for some 1 < ¢ < 1 — 1 we have that a; # b; (so
our system is not self-similar).

We may assume for convenience that each S; maps the unit square into
itself. Recall that by Theorem 2.4.1 there exists a unique non-empty compact set
F C [0,1]? satisfying:

F = |JSi(F)
€T

which we call the self-affine set corresponding to the iterated function system
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{SitieT-
We provide a simple example of an IFS which belongs to this class, which
we will return to throughout the chapter to illustrate some of the concepts that are

introduced.

Example 6.1.6. Let {T;}?_, be the IFS with maps T and Ty given by

0

@)

_l’_

1
T,= | 2
2 0

1
T = |2
"o

Lol
WIN DO~

1
3
We will denote the linear parts of Ty and Ty by My and Ms respectively.

These self-affine sets were introduced in [Frl] and were designed as a natural
extension of the self-affine carpets introduced by Bedford-McMullen in [Be; Mc]| (see
Example 2.4.5) and developed by several others, such as [Bal; GL; FW].

In general, carpets refer to planar self-affine sets generated by diagonal ma-
trices. The key difference in the sets we consider here is the presence of anti-diagonal
matrices. This causes the system to be irreducible - in the sense of Definition 2.5.18.
To see this, observe that since some of the matrices A; are antidiagonal, there cannot
be a one-dimensional linear subspace of R? that is preserved by all of the matrices
A;.

This is important, since it means that we can use Corollary 2.5.19 to define
equilibrium measures in the sense of (2.18). We will make this precise in Section
6.2.1.

Also, observe that the presence of anti-diagonal matrices causes the system
to fail the totally dominated splitting condition. To see this, first we’ll show that

(6.1) cannot be satisfied for » = 1 for any constants C, A. Consider ¢ where

A = a; O
0 b

and a; # b; and j where

In this case we have that for any n € N

AP (A AT =

0 aj'a;b}
Whja? 0 |
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Without loss of generality, we can assume that a; > b; so that

Therefore, clearly no constants C, X exist for (6.1) to hold.
To see that (6.2) is not possible, let

Ai: a; 0
0 b

where a; # b; as before, and without loss of generality we can assume that a; > b;.

Then (Am) pAT
ar (A7) <a1> -0

and thus no constant C' can exist for (6.2) to hold.

6.2 Description of equilibrium states

This section is dedicated to introducing the measures that will be studied throughout
the chapter and investigating their measure theoretic and ergodic properties. In 6.2.1
and 6.2.2 we define the equilibrium measures m that we are interested in studying,
and show that they are not quasi-Bernoulli. In 6.2.3 we introduce the subshift of
finite type X 4 and a mapping 7 : ¥ — 34 which will play a key role in describing
the structure of our measure. In 6.2.4 we introduce Gibbs measures m; and ms
on Y 4 and outline some of their important properties. In 6.2.5, we prove that our
equilibrium measure can be written in terms of the Gibbs measures mq and meo, in
particular that m = mjo7+mgo7. In 6.2.6 we obtain an interesting expression for
the Lyapunov exponents of = moIl~! as a result of the structure of our measure
m, and we prove that the Lyapunov exponents x1(p), x2(u) are distinct. In 6.2.7
we consider the projections of m; o 7 and mgo o 7 to the x and y axes, and deduce

their dimensional properties.

6.2.1 Definition of m via a variational principle

Recall that for a self-affine system, we can define the singular value function ¢° :
¥* — R*, which was initially introduced by Falconer to study the dimension of the
attractor of a self-affine IFS. In this chapter, we are interested in the equilibrium

states which emerge from the variational principle for ¢°.
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For s € (0,2], the singular value function has the simple form

aq(i)° s€(0,1)

o) = { ar(i) az(i)*™! s€[l1,2]

Recall that ¢®(i) is submultiplicative. This allows the subadditive pressure to be
defined as in (2.15) by

P(s) = lim l1og > o)

n—oo N
ie{l,....d}n

Therefore, by Corollary 2.5.19 it follows that there exists a unique o-invariant prob-
ability measure m® that satisfies
1
P — s : - S([s 5(1).
() = hlm*) + lim — 3™ m? ([i) log 6°(1)
iexn
Moreover, by this same result we know that this measure is ergodic and satisfies the
Gibbs property, i.e. there exists a universal constant Cy > 1 such that for all i € ¥*

we have

Co e P (i) < m*([i]) < Coe™ PN ¢ ([i]) (6.3)

where |i| denotes the length of the string. We also know that this is the unique

o-invariant probability measure that is Gibbs for the potential ¢°.
Remark 6.2.1. Observe that we use ‘Gibbs’ in the sense of Section 2.5.3.

Remark 6.2.2. Observe that we could use Theorem 2.5.17 instead of Corollary
2.5.19 to determine the existence of m, since the corresponding ‘irreducibility’ con-
dition is easy to verify. In particular, for each i,j € ¥*, we can cleverly choose
ke {1,...,d} depending on whether A;, Aj are diagonal/ antidiagonal and guaran-
tee that ¢°(ikj) = c¢*(1)d°(j), where ¢ can be taken as the smallest contraction ratio

that appears amongst the matrices {A;}.

We fix s < 2 and let u = p® be the measure on F' corresponding to m = m?®.
We call m (and p) a Kdenmaéki measure, following [K] where such measures were
first considered in this context.

6.2.2 Proof that m is not quasi-Bernoulli

Recall that in Theorem 6.1.5, Barany and Kéenmaki already considered the dimen-

sion of quasi-Bernoulli measures. It is not immediately obvious as to whether or
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not m® is quasi-Bernoulli. In this section we show that for each s € (0,2), m® is
not quasi-Bernoulli (although it s submultiplicative). This confirms that we are
working with a measure beyond the quasi-Bernoulli setting, which has already been
considered in [BK].

Recall that a measure A is a quasi-Bernoulli measure if there exists a universal
constant C' > 1 such that for all i,j € ¥* we have

SADAG) < M) < CAG) A, (64)

In this case, we may also say that Ao II"! is a quasi-Bernoulli measure.

Fix s € (0,2) and set m = m?®. Since ¢° is submultiplicative, it follows that
m is submultiplicative, that is, the right hand side of (6.4) always holds. Therefore,
in order to show that m is not quasi-Bernoulli, we need to show that it is not
supermultiplicative. This essentially boils down to the presence of both diagonal
and anti-diagonal matrices amongst the {4;}% ;.

We will show that ¢° is not a supermultiplicative potential, and the desired
result follows from this fact.

The proof is similar to the proof of irreducibility in Section 6.1.1. Consider

AZ': a; 0
0 b

7 where

and a; # b; and j where

Aj _ 0 Qj
b; 0
In this case we have that for n € N
0 g bl
apapar = | o

Now, let’s assume that a; > b; and a; > b; and that 0 < s < 1. Then

FATANAT) = (aba,)
(A74)) = (aay)’
oA = ()

Therefore,

¢ (AP(A)AP)  (albla;\® (b \™"
¢ (ARA;)p5(AT) ( az"a; ) B <az> -0
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as n — 00, and so in this case it is clear that no constant ¢ > 0 exists for which
O°(A7(Aj)AT) > cop®(AA;)¢°(ATY). The cases corresponding to alternative assump-
tions on a;, b;, a;, b; along with the case that s € (1,2) can be treated similarly, to
deduce that for all 0 < s < 2 we have

L O (AN(A4)AD)

=0.
n—oo ¢3(A7 A;j)¢° (A7)

Therefore, there does not exist ¢ > 0 such that
¢° (A7 (Aj)AT) = cg® (A7 Aj)d° (AY)

for all n € N. Thus, ¢° is not supermultiplicative, and so if s < 2 the Kédenméki

measure cannot be supermultiplicative and, in particular, cannot be quasi-Bernoulli.

6.2.3 The subshift >4

We now introduce the subshift of finite type, 34, and two maps 7,w : X — X4
which play a key role in describing the structure of the measure m = m?®.
Let X4 the sub-shift of finite type on {1,...,2d}" corresponding to the tran-

sition matrix A given by

1 ie{l,...,1—1}U{d+1,...,2d} and j < d
Ai,j) = 1 ic{l,...,d+1—1}and j >d

0 otherwise.

In particular, the matrix A, given by

_ o O =
= o O =
S = = O
O = = O

is a ‘collapsed’ version of the matrix A, in sense that the first row (respectively
column) of A, corresponds to the rows (respectively columns) of A indexed by
1<i<1l—1,thesecond tol <i < d, the thirdtod+1<i<d+[—1 and the last
tod+ 1 <7< 2d. Notice that Ai has all positive entries, and therefore A% also has
all positive entries.

Next, define 7 : ¥ — ¥4 by 7(i) = 7(i1i2...) = (11(i)72(i)...) where
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j<m—1:1; =21} even
Tm(i) = = ‘7/}
j<m-— >

} odd.

//\ /A

im if card{1
im+d if card{l

.Zj

The purpose of this associated subshift of finite type is to precisely record at which
times the orientation is preserved. More precisely, 7,,(i) is in the ‘first half’ of the

double system if and only if the linear part of the map Sj,,_, is a diagonal matrix.

-1
Note that 7 is not a surjection (but it is an injection) and the image of 7 is the
subset of ¥ 4 consisting of sequences where the first digit is at most d.

It will be convenient to introduce w : ¥ — Y4 which is the projection to the
complement of 7(X). Let w : ¥ — X4 by w(i) = w(i1iz...) = (w1(i)wa(i)...) where

wi(i) =41 +d and

wm (i) =

im+d if card{l<j<m-—1:4;
im if card{l<j<m-1

We then have that ¥4 = 7(X) Uw(X) where the union is disjoint.

Example 6.2.3. We illustrate these objects by returning to Example 6.1.6. In this
case, observe that X4 is the subshift of finite type on {1,2,3,4 N corresponding to
the transition matriz A = A,, where the equality of A and A, is down to the fact
that we only have one diagonal matriz and one antidiagonal matriz in our system.

Consider the periodic point i = (12)*° € X. Then 7(i) = (1234)*>° and
w(i) = (3412)*°

6.2.4 Potentials and Gibbs measures

We are now ready to introduce the Gibbs measures m; and mgy on ¥4, which play a
central part in relating the measure m to ¥ 4. We will also introduce a measure v on
>, which is defined in terms of m; and me, and study some of its basic properties.
It will turn out in a later section that in fact v = m.

We begin by defining locally constant potentials fi s, fo.s : 24 — R by

. sloga; i d
frsli) = w1
SlOgbil_d ih=>2d+1

N

and

. slog b; 11 <d
fQ,S(l) = ' )
sloga;,—q i1 >d+1
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when s € (0,1) and similarly

f () log aj; + (3 - 1) log bil i1 <d
s\1) =
i logbi,—a+ (s —1)logaj,—q i1>d+1
and
A log b, + (s — 1) loga;, i1<d
fa,s(i) = .
loga;,—qg+ (s—1)logb;,—q i1 >d+1

when s € [1,2].
Observe that by symmetry, for all i € X

fl,sOT = f2,sow (65)
fisow = fagor. (6.6)

In order to understand the underlying structure of the measure m, it is important to
understand the role of the potentials fi s and fa . For the time being, we fix s =1
and i € ¥. Observe that for all n € N, S, f11 o 7(i) produces the (logarithm of)
the length of the horizontal side of the rectangle Ay, ([0, 1]?). analogously, Sy f21 0
7(i) produces the (logarithm of) the length of the vertical side of the rectangle
Ay, ([0,1]%). By (6.6) we can also swap 7 for w and obtain the same statements,

except with each instance of ‘horizontal’ switched with ‘vertical’.

Example 6.2.4. To give an ezample, we return to Example 6.1.6. Let i = (12)*>° €

.. Then
0 L
Mi1i2: 1 Mi1i2i3: 1 102 .
9 8

We saw earlier that 7((12)°°) = (1234)°°, and therefore it is easy to see that

[an}
[an}

Wl
O =

1
Sifiio7(i) = log

2
. 1 1 1
SofiioT(i) = log§ +log§ = 1ogZ
. 1 1 1 1
Sofipor(i) = log§ +10g§ +log§ = logE
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and

1
Sifapo7(i) = log

3

1 1 1
Safaro7(i) = logg +logs =logy

1 1 1 1
So fa,1 07(i) og 3 +log 3 +log 5 = log =

as expected.

For general s, Sy, f1,507(i) and Sy, f2,5 o 7(i) produce the analogue of this. In
particular, Sy, f1 s07(i) produces the logarithm of the length of the horizontal side of
the rectangle A;, ([0, 1]?) plus s — 1 times the logarithm of the length of the vertical
side of the rectangle A; ([0,1]?). Sy f2,s o 7(i) produces the analogue of this, with
all instances of ‘horizontal’ and ‘vertical’ switched.

It should now be easy to see that log ¢*(i|,,) will be the maximum of these.

Example 6.2.5. Returning to Example 6.2.4 and i = (12)*° € X, we see that
B\ (ils) = 2 = mas{, &} = max{exp(Ssf1.7(1)), exp(Ss fo17(0)}.

We state this important observation as a lemma.

Lemma 6.2.6. For alli e X and n € N we have that

¢°(in) = max{exp Sy, f1,5(7(1)), exp Sp f2,s(T(i))}
Proof. This follows immediately from the definitions. O

Next we move on to defining the associated Gibbs measures for these po-
tentials. Since A is aperiodic (since all the entries in A? are positive), by Theorem
2.5.3 there exist unique invariant Gibbs probability measures m; and msy for the
potentials fi s and fa . Therefore, denoting the topological pressure on ¥4 of fi s
and fo s by Pa(f1,s) and Pa(f2s) respectively,

ma ([il,]) < exp(Sn f1,5(1) — nPa(f1,5))

and
ma([iln]) < exp(Snfa,s(1) — nPa(fas))

where a =< b means that C~1a < b < Ca for some universal constant C.
Observe that by symmetry, Pa(fi1s) = Pa(f2s). To see this, consider the
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map b: ¥4 — X 4 which sends

i —> i +d if ikE{l,...,d}
iy — i —d if ikE{d+1,...,2d}.

Using the transition matrix A, it is easy to check that this map is well defined and
bijective. Therefore given a periodic point i = o™i € ¥ 4, b(i) is also a periodic point
of period n, and since both S, f1,s(1) = Sy f2,s(b(1)) and S, f1.5(b(i)) = Spfa,s(1), it
follows that Pa(f1,s) = Pa(f2,s)-

By symmetry, we also have

mioT = Mmgow (6.7)

miow = MyoT. (6.8)

To see this, consider again the bijection b : ¥4 — 4. Clearly b has the property
that

b(r(i)) = w(i) and bw()) = (i) (6.9)

It is easy to see that m; o b is an invariant probability Gibbs measure for fs ; and
so by uniqueness, mj o b = mg. Thus (6.8) follows by (6.9).

Next, we move on to defining a measure v on ¥ in terms of the mea-
sures m; and ms. Since 7 is an injection, we can define a measure v on ¥ by
v(E) =my(7(F))+mo(7(FE)). v is a probability measure since v(X) = my(7(X)) +
ma(7(2)) = ma(1(5)) + ma (@(E)) = ma(Ta) = 1.

Also, although mj o 7 and ms o 7 are not invariant, v is invariant, which we

will prove next.
Lemma 6.2.7. v =mq o7 + mg o7 is shift invariant.

Proof. By the Carathéodory extension theorem, it is enough to check that v(o =1 ([il,,]
v([iln]) fori € ¥ and n € N. Let i, = i1,...,1, and fix ig € Z. Then 7([ig, ..., i,))
[i0, 71(1),...,7(1)] if 1 < ip <1 —1 and w([ig,...,in]) = [io +d, 71(3),...,7(1)] if
I <ip<d.

Also, note that for | < ip < d,

mi(7([ig, ..., in])) = ma(w([io, .-, in])) = ma([ioc +d, 71(3),...,7n()])
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and similarly

mQ(T([io, ‘e ,Zn])) = ml(w([io, ‘e

Therefore,

yin))) = ma([io + d, m1(i), ..., 7 (1)]).

-1 d
ma(r(o ™ (i ia]))) = Y mu(r(fios- - i) + D ma(r(fio, - in])

ip=1

-1 d
= Y m(lio, (@) ..., @) + D> malio + d, (i), ...

ig=1

and similarly

to=l

1=l

-1 d
ma(r(o (i i) = Y ma(r(fio,. - in))) + D ma(r(fio, -, in]))

i0=1

-1 d
= > ma(lio,r1 () ..., @) + D ma(fi + d, (i), ...

ip=1

so that

v(o T ([{l]) = ma(r(e™([i1..

0=l

0=l

. Zn])>) + mQ(T(U_l([il e Zn])))

»Tn(1)])

;T (1)])

= > ma(lio,n@) .. m@ON+ Y mulio, ()., (i)

1<ipi—1

d+1<io<2d

+ Y ma(fio, (@) m@D Y ma(fio, (i) (D))

1<ipl—1

= mi(o

7([i[n])) + m2(o™ 7 ([i

d+1<ip<2d

n])) = v([iln])

where the last line follows by invariance of m; and ms.

6.2.5 Proof that m =v

In this section we prove that the measure v that we have just constructed is in

fact equal to the Kdenméki measure m. Since we have already shown that it is an

invariant probability measure, it only remains to prove the Gibbs property for v.

The Gibbs property essentially falls out as a direct consequence of the ob-

servation in Lemma 6.2.6, and thus we prove that m = v in the next result. Addi-
tionally, we also show that P(s) = Pa(f1,s) = Pa(fa2,s) all coincide.
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Corollary 6.2.8. There exists C' > 0 such that for alli€ ¥ and n € N

. v(ila))
C S S ep(—nPa(f) S

In particular, v =m is the unique Kdenmdki measure for ¢* and P(s) = Pa(f1,s) =
Pa(f2,s)-

Proof. Tt follows from the Gibbs properties for m; and mg and the fact that Pa(f1,5) =
PA(fQ,s) that

v(liln]) = ma(r([iln])) + ma(7([ils]))
=< exp(—nPa(f1,s)) exp(Snfi,s(7(1))) + exp(—nPa(f2,s)) exp(Spf2,s(7(1)))
=< exp(—nPa(f1,s)) max{exp(Snf1,s(7(i))), exp(Sn fo,s(7(i)))}

and the first result now follows using Lemma 6.2.6. Finally, by combining this and

the Gibbs property for the Kéenmaiki measure m we get

)~ exp(n(P(s) — Pa(frs)).

To see that Pa(f1,s) = P(s), assume that P(s) > Pa(f1s) instead. Then

v([il.))
m(ila))

for all i € X. Thus f,, — oo in m-measure, and therefore there exists a set A, with
m(A) > % with the property that f,, (i) > 2 for all i € A. By construction, A must

be a collection of cylinders of length n, thus

fu(i) :=

v(A) = 2m(A) >

W W~

which contradicts the fact that v is a probability measure. So P(s) < Pa(fis). A
symmetric argument implies that Pa(f1s) < P(s), so the result follows.
Finally since v and m are both invariant, it follows by the uniqueness of

property (6.3) that v = m. O

6.2.6 Lyapunov exponents of p

Recall that whenever the Lyapunov exponents x1(u) = x2(u), we are in the setting
of Theorem 6.1.1 where it is already known that u is exact dimensional. However,

in this section we show that our Lyapunov exponents are distinct. Furthermore, by
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using the fact that m = v = my o 7 4+ mq o 7, we show that in our setting we can
express each Lyapunov exponent as the integral of one of the potentials fi 1, f21

with respect to m; (and similarly for my).

Remark 6.2.9. Note that in the following two results we emphasise the dependence
of f1,s and fa s on s, so we can use f11 and fa1 to express the Lyapunov exponents,
but for simplicity of exposition we deliberately suppress this dependence when writing

the measures mi, meo, v and of course m and (.

In the following preparatory lemma we study the integrals of fi1 and fi2

with respect to the measures mq and mso.

Lemma 6.2.10. We have that

/fl,ldml =/f2,1 dmg > /f2,1dm1 :/fl,ldm2~

Proof. The fact that [ fi1dmi = [ fo1dmgo and [ fo1dmy = [ f1,1dmg follows by
the properties (6.6), (6.8). In particular,

/fl,ldml = /fl,lOTdm1OT+/f1,1 owdmy ow
= /f2’1 owdm20w+/f2,1o7'dm2 OT:/fg’lde

and similarly we also see that [ fo1dmy = [ f1,1dmo.

For m; almost all i € ¥4 we have that

lim nfll /fl 1dmy = /f2 1dma

n—oo

Sy,
lim f2 ! /fz 1dmy = /f1 1dma.

and

n—o0

To show that f fridmy = f f2,1dmy, suppose for a contradiction that f fa,1dmy >
[ fi,1dm; instead. Then we also have that [ fosdmi > [ f1sdmi. To see this,
observe that if 0 < s < 1 then it just follows from the fact that fi; s = sf1,1 and
fos=sfo1. f 1 <s<2then f1 = fi1+(s—1)fz1 and fo, = fo1+ (s —1)f11,

and so
/f?,sdml - /fl,sdml =(2- S)/fz,ldml —(2- S)/fl,l >0

since s < 2.
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This means that by using the Gibbs property, the fact that Pa(fis) =
PA(f2,5) and the fact that

lim S fls /flsdml
n—oo

and

n—oo

lim 2 f“ /stdm1

for mq almost all i, it follows that

T}LH;OZLM lim exp< (/ fa,sdmy — /f1 sdm1)> =00

for my almost all i. Since m; and mg are probability measures, we can use a similar

argument to the one in the proof of Corollary 6.2.8 to obtain a contradiction. [

Using the above result, we relate the Lyapunov exponents of y to integrals
of fi,1 and fo1 with respect to the measures m; and mo. Furthermore, we prove

that x1(p) # x2(u) which takes us away from the setting of Theorem 6.1.1.

Corollary 6.2.11. We have that

xi(p) = _/fl,ldml < x2(p) = _/f2,1dm1

and for v-almost all i € 3 we have that

i () =

Proof. We know that all i € 3 satisfy

a1 (1|n) = HlaX{eXp(Snle(T(i))), exp(san,l(T(i)))}

and

ag(ifn) = min{exp(Sn f1,1(7(1))), exp(Sn fo1(7(1)))}-

Since we know by Lemma 6.2.10 that [ f11dmy = [ f21dmq, and since mjor < m,

it follows that for mj o 7 almost all i € 3,

1
— lim —logay(i /f1 1dmy

n—oo n
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and )
— lim —logas(il,) = —/f271dm1.

n—oo N

Similarly it can be shown that for my o 7 almost all i € X,

.1 .
— lim —logay(il,) = —/fg’ldmz
n—oo n
and )
— lim flogag(i|n) = —/f171dm2.
n—oo N
Moreover, since m = mjor+mgor and — [ f11dmy = — [ fa1dmgand — [ fo1dmy =

— f f1,1dmg, then it follows that

X1(p) = —/f1,1dm1 = —/f2,1dm2 and  xa2(p) = —/f2,1dm1 = —/f1,1dm2-

To see why x1(p) < x2(u), suppose that we have equality instead. Then it follows
1

immediately that lim, (Z;E:I:g)z = 1. Therefore, there exist constants C’, P’
such that .
L _.p < a1 (iln) < C'enP’

—e <

C/ Oég(i‘n
Therefore, for all i € ¥ and n € N,

~—

m(il) = @°(in)e "

= oq(iln) 3enb”

as(ily)2e

[N

for some uniform constant P”. Thus, m is also an equilibrium state for the additive
potential i — §loga(i)az(i). This means that m is quasi-Bernoulli and we have
already observed that in our setting this is not the case, so we obtain the desired
contradiction.

Finally, x1(p) < x2(p) implies that for m-almost every i € 3,

1
lim log <O‘2(f‘”)) " <o

a(ifn)

Thus, there exists 0 < a < 1, N € N such that for n > N,

() <o

In particular, for all n > N, % < a", and the conclusion follows. ]
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6.2.7 Projections of m;o7T and mgoT

The Ledrappier-Young formula gives the dimension of a measure in terms of the
dimension of a projected measure (as well as the entropy and Lyapunov exponents).
Therefore, since the identity m = mj o 7 + mq o 7 will be central to our verification
of exact-dimensionality, we need to consider the projections of mq o7 and mo o7 to
the x and y axes.

The final piece of notation we introduce is p; = myo7oIl™!, the pushforward
measure of m; o7 onto F'. Let m; denote the projection to the z co-ordinate and
w9 denote the projection to the y co-ordinate. Then we know about the exact

dimensionality of the projections of u1 and uo under m; and me.

Proposition 6.2.12. All the measures 71 (p1), m1(p2), ma(p1) and mwa(pe) are exact
dimensional and we have that dim 71 (1) = dim me(p2) and dim mo () = dim 7y (u2).

A proof of this is given in Appendix C.

6.3 Results

We now obtain our results by using the structure of the Kdenméki measure described
in the previous section. For convenience, we assume that the underlying IF'S satisfies
the strong separation property, which means that for distinct i,j € Z, we have
Si(F)NS;(F) = (. Observe that this implies that there exists some ¢ > 0 such that
for any 7,5 € {1,...,d} with ¢ # j,

d(z,y) =9 (6.10)

for all x € S;(F) and y € S;(F), where d is the usual Euclidean metric.
Recall the definition of the entropy h(u) of p defined in Theorem 2.4.8. The

following is our main result.

Theorem 6.3.1. Assume the self-affine set F' satisfies the strong separation prop-
erty and let p be any Kdenmdki measure for F. Then u is exact dimensional, with
the exact dimension given by

dimp = M oxelw) =xal) g oo

xa(#) xa(#)

Thus 1 satisfies the appropriate version of the Ledrappier-Young formula.

We get the following corollary, which gives simpler formulae in the case where

dim 71 (p1) is what it is ‘expected to be’.
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Corollary 6.3.2. If dimmi(u1) = min{ h(y1) ,1} then

x1 ()
dimp— { 009 it h(w) < xalp)
Lo M () > (),
Proof. We first suppose that dim 7y (p1) = )?1(52) < 1. In this case we have

h(p)  xo(w) — x1(p)
x2(1) x2 ()
h(p) | xe(p) —xa(p) h(u)
xa(#) x2(p)  xa(w)
h(w)

X1(M)'

dim g dim 71 (1)

On the other hand if dimm(p1) =1 < )?1((‘3) then

. h() x2(m) — x1(p) .
dmp = 2w T e Ammn)
h() 4 xa (i) — x1(p)
x2(1) x2(1)
h(p) — x1(p)

x2(1)

completing the proof. O

Recall that the affinity dimension dima F' of F' is defined as the value sq for
which

P(sg) = limllog Y 4vG) | =0

n—oo N
ie{1,....d}n

In [MS], Morris and Shmerkin showed that for a large class of attractors of the same
self-affine systems that we have been considering in this chapter, the Hausdorff
dimension of the attractor is given by the affinity dimension. In particular, they

proved the following result.
Theorem 6.3.3. Assume the set-up of Theorem 6.3.1. Additionally assume that:
1. All coefficients of A; and t; are algebraic.

2. For alln € N and any i,j € {1,...,d}" for which either A; and A; are both
diagonal or both antidiagonal, then m1(S;(0)) # m1(S;(0)) and m2(S;(0)) #
m2(55(0)).-
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Then dimyg F' = sg = dimp F'.

Moreover, our class of self-affine sets was recently considered by Morris in
[Mo1], who derived an explicit formula for the pressure allowing very straightforward
calculation of the affinity dimension. In particular, he showed that the affinity

dimension is the unique real number s > 0 for which either:

1. 0<s<1and
[zi;i a; YL ]
S s b
has spectral radius 1, or

2. 1<s<2and
Sicpaby Tt S ey
Egzz af_lbi Zi;% af_lbi

has spectral radius 1, or

3. s> 2and
d

Z(a,bz)% =1.

i=1
In light of this and Theorem 6.3.3, we see that a consequence of our main

theorem is that under a condition on the dimension of the projected measure, such

systems have an ergodic measure of maximal dimension.
To see this, suppose that sy < 1 and observe that by (2.17) and the fact that

w = p® is ergodic,
P(so) = h(p) — sox1(n)-

Rearranging this gives

h(r)
S0 —
x1(p)
because P(sg) = 0. Since h(u) = sox1(p) < x1(p) it follows that
h
dim p = (1) = 0.
x1 ()

The case where sg > 1 follows similarly.

6.4 Proof of Theorem 6.3.1

In this section we prove Theorem 6.3.1 by adapting an approach of Przytycki and
Urbariski from [PU1]. In [PU1], Przytycki and Urbariski relate the dimension of
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a self-affine measure in two dimensions to the dimension of a self-similar measure
in one dimension (in their case a Bernoulli convolution). In our case, we’ll need
to consider two measures in one dimension, in particular these will be 71 (p;) and
ma(pe). Rather than being strictly self-similar, these are Gibbs measures on a graph
directed self-similar iterated function system. This approach is also similar to one
used by Falconer and Kempton in [FK2].

At a couple of points in this section we will use Proposition 2.3.2 (2) to deduce
that one measure ‘dominates’ another. In particular, notice that a straightforward
consequence of this proposition is that whenever a measure p is not absolutely

continuous with respect to A (where p, A are Radon measures on R%) then

for p-almost every x € R? so that u(B(z,r)) ‘dominates’ A(B(x,r)) at all small
scales 7.
The following lemma will allow us to also deduce a symbolic analogue of the

above result.

Lemma 6.4.1. For m-almost all i € X, there exists a constant 0 < C' < oo (inde-
pendent of r) such that for all v > 0 there exists n € N for which

ma o 7([iln])
pa(B(I(i),r) = " my o 7([il])

and

Proof. Throughout this proof we denote 6 > 0 to be the constant given by (6.10).

Let i belong to the full m-measure set for which

i 220
n—oo (v (1|n

=0.

Let x = II(i) and fix some r > 0. Choose integers m < n for which
. r .
ai(ily) < 3 < aq(ifp-1)

and

(50&2(i|m) <r< 50&2(i|m,1).
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Then by construction, II([i|,]) € B(x,r) C II([i|x]). By the Gibbs property for my

and ma,

m o 7([i|n]) < exp(—nPa(f1,5)) exp(Sn f1,5(7(1)))
<exp(—mPa(f1,s)) exp(Sm f1,s(7(1))) - exp(—(n — m)Pa(f1,s)) exp(Sn—m f1,s(c"7(i)))
=my o 7([i|m]) exp((n — m)c) (6.11)

for some uniform constant ¢ (which comes from the value of Ps(f1) and the supre-
mum norm of fi ).

We will show that the difference n —m is bounded above by a constant that
depends only on i (so in particular it is independent of r).

Let A denote the maximum contraction ratio amongst the matrices { A;} that
appear in the IFS. Then

a1(ilm) _ \pom—17 1 (ifm)
<A - —,
az(ilm) § az(ilm)

r . n—m-— . n—m-— .
3 < aq(ilp—1) <A 1a1(1\m) =\ 1a2(1\m)

Therefore,
1 0 ag(ilm)
—-m<1l+—1 — - .
R <2 1 Gilm)
Since .
lim Oéz(f|k) —0
k—oo O (l|k)

aa(ifx)
ai(ilk)
therefore n — m is also bounded above by a constant that depends only on i (and

< ¢ for some constant ¢’ that depends only on i, and

it follows that supey

so is independent of r). It follows that

(B, ) _ myor(fil)) - mior((ila)
w2 (B(.1)) = ma o r([flm]) ~ C s (i)

for some constant C' that depends only on i, where the final inequality follows by

(6.11). The second result follows by a symmetric argument. ]

This final section is structured as follows. In 6.4.1 we begin by collecting some
‘ergodic properties’ of the measures mj o 7 and mo o 7. Although these measures
are not ergodic (since they are not even invariant), we can still establish equivalent
statements about the behaviour of limits that are usually provided by the Shannon-
McMillan-Breiman Theorem 2.4.8 and Oseledets Theorem 2.4.7 when one is in the
ergodic setting.

Next, in 6.4.2 we make upper and lower estimates on the measure of a care-
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fully defined ‘strip’ of F', in terms of the measure of an appropriate cylinder and
the projected measure of the blow up of the ‘strip’. This step will allow us to
later connect the local dimension of p with the entropy, Lyapunov exponents and
dimension of the projected measure. The strategies used for the upper and lower
estimates will be different, owing to the fact that m is submultiplicative but not
supermultiplicative.

Next, in 6.4.3 we estimate the projected measure of the blow up of the strip
at ‘typical’ times.

Finally, in 6.4.4 and 6.4.5 we combine the above estimates to compute the

local dimension of .

6.4.1 ‘Ergodic properties’ of m;o 7

The measures m; o 7 are not invariant and therefore cannot be ergodic. Therefore,
the Lyapunov exponents and entropy are a priori not defined. This is problematic,
since in order to evaluate the local dimension of p in terms of the entropy and
Lyapunov exponents, we need to know about the m; o 7-typical logarithmic growth
rate of the measure and side lengths of the cylinders that appear as we go deeper
into the construction of F'.

Fortunately, we can still recover statements similar to Theorems 2.4.7 and
2.4.8, which will suffice for our purposes. Firstly, it turns out that we can still
control the “Lyapunov exponents” of m; o 7. The following is essentially restating
Corollary 6.2.11.

Lemma 6.4.2. Fort=1,2, my o7 almost all i € X satisfy

.1 . o1 .
— lim —logai(iln) = x1(p) < — lim —logas(iln) = xa2(u).

n—00 M n—00 M

Thus for v-almost every i € X3,

Proof. This follows because m;om < m = v. O

Next, we move onto the entropy-type limit we are interested in. It also turns

out that the ‘entropy’ of the measures m; o 7 and mg o 7 is equal to h(u).

Lemma 6.4.3. For my o1 almost everyi € X,

— Jim = logmy o 7((ilu]) = h(u).

n—oo n
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Proof. Since m; and mg are distinct ergodic measures, they are mutually singular.
Therefore pp is not absolutely continuous with respect to ps. Thus by Proposition
2.3.2,

B
lim sup F2B@:1) _
r—0  p1(B(x,1))
for p1 almost every x. By Lemma 6.4.1,
lim sup M2 2T T([I:n]) =0

n])

for mj o7 almost every i € ¥. In other words, for mj o7 almost every i, mj o 7([i|,,])

n—oo 11 0 T([l

‘dominates’ mg o 7([i|,]) for all large n and

h(p) = — lim ~logm(fil]) = — lim ~logm o 7([il.])

n—oo N n—oo n

for my o 7 almost all i. By an analogous argument we obtain the same result for

M9 O T. ]

6.4.2 Estimates on the measure

In this section, we make estimates on the measure of a typical ‘strip’, which is the
first step towards estimating the local dimension of u. To this end, we need to
introduce some notation and terminology.

It will be convenient to calculate the local dimension by measuring squares
rather than balls in R2. Let Q1(z,r) denote the one dimensional square of side r
centred at x, given by Q1(z,7) = [v — 5,2 + 5]. For x = (x,y) let Q2(x,r) denote
the 2-dimensional square of side r which is centred at x, given by

Qalx,r) = {(@y): e —a'| < S and Jy /| < S}

Let x = (z,y) € F with symbolic expansion i € ¥ and let n € N. Consider the
cylinder Sy, ([0,1]%). Suppose the side lengths are distinct, so aa(iln) < o1 (in). We
shall call the longer side of Sy, ([0, 1]?) the primary side. Additionally we shall call
the axis parallel to this side the primary azis and denote the projection onto the
primary axis by 7r1i,’n. We may also call the direction of the primary axis the primary
direction. So that this is all well-defined even when oy (i|,) = a2(i|,,) we agree that
in this scenario the primary axis is the y axis. We denote the strip of all points
inside Sy, ([0,1]?) that lie 5-close to ﬂ,ij’"(x) in the primary direction by B(x,n,r),
and refer to this as the primary strip. We define the secondary projection to be the

primary projection if the linear part of Sy, preserves each co-ordinate axis (i.e., an
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even number of the linear parts {4;,,..., A;,} are anti-diagonal matrices), and the

other co-ordinate projection otherwise. We denote it by ﬂ;’"(x).

Remark 6.4.4. To simplify the analysis, at several points in the proofs we will
need to consider ‘times’ n when Ay, is diagonal. Suppose T,41(i) € {1,...,d}.
Then firstly, T has the multiplicative property 7(i) = 7(il,)7(0™i). Also, since A;),

- i i
is diagonal, we have 75" = mp".

The idea is to bound the measure of a primary strip B(x, n,r) by the measure
of an appropriate cylinder (which contains B(x,n,r)) and the projected measure of
the ‘blow up’ of the strip.

In order to prove the desired lower bound for the local dimension of the
measure (which corresponds to finding an appropriate upper bound for the measure
of any given primary strip), we use sub-multiplicativity of the Kdenmaéki measure
m. We can get an upper bound on the measure of a primary strip in terms of the
product of the measure of an appropriate cylinder and an appropriate projected

measure of the blow up of the strip.

Lemma 6.4.5. Let x € F with symbolic expansion i € X. For anyn € N and r > 0

we have

u(Bxnr) < Cm(lDri ) (@ (rir @), )

o (iln)
where C = 1 is the uniform constant giving submultiplicativity of m.

Proof. Let
J = Ji,nr) = {j e ¥ ¢ 8,;((0,1%) € B(x,n,r) and Sy ;+([0, 1) ¢ B(x,n, 7")}

where j is j with the last symbol removed. Note that by our separation assump-
tion the family of rectangles {Sj,;([0,1]%)}jes are pairwise disjoint and exhaust

B(x,n,r) in measure. Thus

w(Bx,n,r) = Y m(lila])

jeJg
< Om([ila)) > m(li])
jeJg
= Cm(llDri 0 (@ (=), )
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where the last equality follows since the family of rectangles {S;([0, 1]?)}jc.7 are pair-
wise disjoint and exhaust SiTnlB(x, n,r) in measure. Then, noting that SiTnlB(x, n,r)

is a strip with one side of length 1 and the other of length /a4 (i],) we have

(55 Boen) = wio (@ (rir@e ). )

o (iln)
as required. O

Next we prove an analogue of Lemma 6.4.5 giving an upper bound for the
local dimension (so a lower bound for the measure). Since the measure p is not
supermultiplicative, we cannot use similar arguments to the ones we used above.
Instead we employ the supermultiplicativity of m;. Since we saw that 7 only had
the multiplicative property 7(i) = 7(i|,)7(0"1) when 7,41(i) € {1,...,d}, we will
only be able to get our analogue of Lemma 6.4.5 along a suitable subsequence (for
typical points).

Lemma 6.4.6. Let x € F with symbolic expansion i € X, such that i satisfies
that | < i, < d for infinitely many n, i.e. infinitely many of the maps A;, are
‘anti-diagonal’. (Observe that it is a direct consequence of the ergodic theorem that

the set of such i is a set of full measure.) Let ny be any subsequence for which
1 < 7y 41(i) < d for all k € N. Then for any r >0 and k € N,

Vo Hfl(B(X, ng, 7)) Zpe(B(x, ng, 7))

>Crmy o 7 ([iln )™ (u) <Q1 (wé’"’%H(U”k(i))’ i ))

fort = 1,2 and where the constant C' is independent of x, k, r, t.

Proof. Let J be as in the proof of Lemma 6.4.5. Then, using the quasi-Bernoulli

properties of u; we have

Mt(B<X7nk7T)) = thOT([i‘nkj])

jeJg
= > mu(r(filn )7 ([3))
jeJg
> cmy o 7([iln,]) Z my o 7([j])
jeg
= cmgo T([i\nk])ﬁi’nk () (Ql <7T;”k (™ @), al(g” )>>
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where the second equality holds because we are looking at times nj when i|,, has
seen an even number of rotations, ¢ is a constant that comes from the quasi-Bernoulli
properties of m; and meo and everything else follows by the same observations as in
the proof of Lemma 6.4.5.

Finally, the result follows because v o II"1(B(x, ng, 7)) > s (B(x, ng,r)). O

6.4.3 Estimates on the projected measure

In this section, we obtain estimates for the projected measure of the blow up of a

typical primary strip

o (@ (e, s )

for A = p, 1, 2, which appear in the upper and lower estimates in Lemmas 6.4.5
and 6.4.6.

Let s; = dimmi(u1). The key point of the proof of the next lemma is
that an m;-typical point 7(i) will regularly hit times n when the p measure of
B(I(o™(7(i)),r) is sufficiently close to r*! and the matrix A; --- A

(and the same for the measure mg).

is diagonal

in

Lemma 6.4.7. For m-almost every i € X there exists a choice of t € {1,2}
and a strictly increasing sequence of positive integers ny for which simultaneously
wt(B(x,ng, r)) satisfies (6.12) for all k € N and such that for all € > 0 there exists
N: € N, such that for all k > N,

(il )
s1+¢€)lo -
; - o a(iln ))) az(ifn,,)
< log wh™* o™k (TI(o™*1), "k <(s1—¢)lo k2 (6.13
) (@ (im0 ), 2200 ) ) < (o - ) log 220 (013)
Moreover, we can choose the sequence ny such that
lim &L g, (6.14)

k—oo N

Proof. Recall that 7 : ¥ — 7 (X) is one-to-one and thus has an inverse. With slight
abuse of notation, for i € 7(X) denote II(i) = II(771(i)) and a,(i|,) = a,(771(1)|»)
for r = 1,2. We will show that for each t = 1,2, for my-almost every i € 7(%),
there exists a sequence ny, such that (6.13) holds for p;. Then the result will follow
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because the union of the pre-images under 7 of these full measure sets for m; and
me have full m-measure.
Fix ¢t € {1,2} and define the function hgl) :7(X) = R by

_ log ¢ (pt) (Ql (Wt(H(i))a %))
log% ‘

h (@)

By Proposition 6.2.12 each of m(u;) are exact dimensional with dimension s; so
that
lim AV (1) = s

l—o0
for m;-almost every i € 7(X). By Egorov’s theorem, there exists a set Gy C 7(3)
with measure m;(Gt) = my(7(2))/2 > 0, for which hgn) converges uniformly to s;
for all i € G¢. In particular this means that for all ¢ > 0, there exists L. € N such
that for [ > L,

. log my (i) (Q1 (e (T1(1)), %))

S1—¢&€x 10g%

<s1+e

for all i € G;. Moreover, by the Birkhoff Ergodic Theorem,

n—1

1 .
nh_}ngo . kz 1¢,(cfi) = /lgt dm; >0
=0

for ms-almost every i € 7(X). In other words, for ms-almost every i € 7(X) we have
that 0”1 € Gy with frequency greater than 0. Therefore, for such a fixed i € 7(X),
we can choose nj to be the subsequence of positive integers such that o"*i € Gy for
all £k € N. By Lemma 6.4.2 we can choose N € N such that for all n > N,

a(ifn)

1(iln)

<L
L.

e

Therefore, for k£ > N,, we have

a2(i|nk) neg O‘2(i‘nk) s1—e) 1o a2(i’nk)
(e 1o 22020 <t ) (@1 (11", 220250 ) ) < (51t 2200).

We now need to show that for m; almost all such i and large enough k, we
i ing

L7 — ’

will have 7 = m. Since o™i € 7(X), i|,, is in the diagonal case which

implies that e — ﬂ;i;n’“. Moreover it follows by Lemmas 6.2.11 and 6.2.10 that,
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for k sufficiently large, for m; almost all i

Snkft,l(i) > Snkft’,l(i) (t/ 7& t)

which in turn implies that the longer side of the rectangle Sy, ([0, 1]?) is the hori-

zontal side if ¢ = 1 and vertical side if ¢t = 2. Therefore w},’nk = m as claimed and

thus we obtain (6.13).

The fact that p:(B(x,ng,r)) satisfies (6.12) follows because since o™i €
7(X), this implies that 1 < 7,,,+1(i) < d.

It only remains to prove that nfb—:l — 1 as k — oo. To see this let S,, =

> ko xa, (0"(1)). Then the ergodic theorem tells us that limy_,q %C’“ =my(Gy) > 0.
Snpiq S+l

Moreover, clearly — = . Now,
k+1 NEg41
i ( - —1>+ L= ‘Snkﬂ_sm“ 0
Nk \Nk+1 k41 k41 Nk
as k — oo. Sinceﬁ%Oask%ooand%—)mt(Gt)>Oasl<:—>ooitfollows
that ™~ —1— 0 as k — oo, in other words —"*— and Tktl 4 1 as k — oo. O
k+1 Ni+1 N

The next lemma is an analogue of Lemma 6.4.7 for p instead of u:, and the

proof is almost identical. However, for the sake of clarity we state it separately.

Lemma 6.4.8. For m-almost every i € X there exists a choice t € {1,2} and a
strictly increasing sequence of positive integers ny, for which simultaneously py(B(x, ng, 1))
satisfies (6.12) for all k € N and such that for all € > 0 there exists N € N, such
that for all k > N,

az(il,)
R G )
< log 7™ (1) <Q1 (w;”k (TI(o™*1), m)) < (s1—¢)log m~
(6.15)

Moreover, we can choose the sequence ny such that

lim &L g, (6.16)
k—oo My
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Proof. Fix t € {1,2} and define the function hgl) :7(X) = R by

_ log my () (Q1 (me(IL(1)), %))

D)s
n () o T
l

By Proposition 6.2.12 each of m(u:) are exact dimensional with dimension s;.
Since m; and mg are mutually singular, 71(u1) is not absolutely continuous with

respect to 7i(u2). Thus by Proposition 2.3.2, for m; almost every i € 7(X),
T (1) (Q1 (m1(I1(i)), 1)) ‘dominates’ w1 (u2) (Q1 (m1(IL(i)), 1)), that is,

o T102) (Q1 (m(T0(3)),
I=o00 71 (p1) (Q1 (m1 (I1(3)),

for my almost every i € 7(X). Therefore,

lim 1\ (i) = lim log m (1) (@1 (m(TI(1), 7))
l—o0 l—o0 log %

:Sl

for my almost every i € 7(X). A symmetric argument proves the analogous state-
ment for mo. Therefore,
lim AV (1) = s

l—o00

for m,; almost every i € 7(X). The rest of the argument follows identically to that
for Lemma 6.4.7. O

To prove Theorem 6.3.1 it suffices to show that the local dimension of y is
what it should be at x = II(i) for i in a set of full m-measure. The proof will be

split into two parts, concerning the lower and upper bound respectively.

6.4.4 The lower bound

Let i € ¥ belong to the set of full measure for which the conclusions of the Oseledets
and Shannon-McMillan-Breiman theorems 2.4.7 and 2.4.8 and Lemma 6.4.8 hold
simultaneously. In particular, let ¢ € {1,2} be such that Lemma 6.4.8 is satisfied
for m;. Write x = II(i).

Since F' satisfies the strong separation property, there exists § > 0 which
satisfies (6.10).

Consider the square Qa(x,0az(i],)). Observe that since any cylinder on the
nth level which is distinct from Sy, ([0,1]%) must be at least daa(iln—1)-separated
from Sy, ([0,1]%) and therefore Q2 (x, daa(il,)) only intersects the cylinder S, ([0, 1]?).
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Therefore, it is easy to see that
Q2(x,das(iln)) N F C B(x,n, as(il,)).

By Lemma 6.4.5, it follows that

#(Qa(x,Baz(il)) < mlfil]) T (1) (@1 (@“(H(a"(i)), ‘W'“)) .

Fix £ > 0 and let ng be the subsequence from Lemma 6.4.8. Observing that
the sequence daa(il,, ) strictly decreases to zero, for any sufficiently small r > 0 we

can choose k € N large enough such that
6a2(i‘nk+l) Sr< 50‘2(i’nk)'

Assume r > 0 is small enough to ensure k > N, and then we have

log pu (Q2 (I1(3), 7)) log 1 (@2 (I1(i), dcxa(iln, )))

= .
logr log daa (il ;)
tog ([, ) + log i (1) (Qu (= (11(i)), 220} ))
> i k
log daa(ifn, )
el + - e 2
- log 6az(ilny..,)
B —-logm([ifn,]) — 7-(s1 — €) log Zfﬁ::’;ﬁ
—% logd — nk1+1 n;szl log az(iln,. ;)
_ k) £ (51— ) (xalp) — xa(w)

Xz (k)

as r — 0 (k — oo). Finally, letting ¢ — 0 yields the desired lower bound.

6.4.5 The upper bound

Let i € 3 belong to the set of full measure for which the conclusions of the Oseledets
and Shannon-McMillan-Breiman theorems 2.4.7 and 2.4.8 and Lemma 6.4.7 hold
simultaneously. In particular, let ¢ € {1,2} be such that Lemma 6.4.7 is satisfied

for m;. Let ny be the subsequence for i from Lemma 6.4.7. Write x = II(i).
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Consider the square Q2(x,2ax(iln, )). Clearly
B(X7 ks aQ(i|nk)) < QQ(Xv 2a2(i|nk)) nF

and therefore by Lemma 6.4.6 it follows that

VoI @afo,2aalil))) > Comeor (i)™ ) (@ (i (o). 22050 ) )

ai(iln;)

Let € > 0. Consider small 7 > 0, and since the sequence 2as(i|,, ) strictly decreases

to zero we can choose k such that

2a2(i‘nk+1) Sr< 20‘2(i‘nk)'

Assume r is small enough to guarantee k > N.. Then by Lemmas 6.4.6 and 6.4.7

we have
logv o II71 (Q2 (I1(1), 7))
log r
. logv o ! (Qz (H(i)7 2a2(i|”k+1)))
= log 2a2(if,,)
log Oy 0 (i) +log ™ () (Q (mE#1 (Wigmesnt), S200msss))
< Q1 ng 4 q
10g 20 (i‘nk)
log C +log my o 7([i|n,,,]) + (s1 +¢€) log %
g .
log 2ai2(ifn,, )
. ag(i|n )
_ _nk1+1 logC — nk1+1 log (mt © T([llnqul])) - nk1+1 (81 T 6) log O‘T(T:i)
—L 1052 — 7 logauilny)
. h(p) + (s1+ &) (xa(p) — x1(w))
x2 ()

by Lemmas 6.4.2 and 6.4.3 as r — 0 (k — o00). Finally, letting ¢ — 0 yields the

desired upper bound, and the result follows. ]
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Appendix A

Hilbert-Birkhoff cone theory

In this appendix we give an overview of the use of Hilbert-Birkhoff cone theory
in dynamics and prove the results of the statements in Section 4.4.1. The use of
projective metrics associated to cones to express spectral properties of the transfer
operator was introduced by Ferrero and Schmitt in [FS] in their proof of the Ruelle-
Perron-Frobenius theorem. More recently, they were used to prove exponential rates
of mixing for some expanding and hyperbolic systems, beginning with the paper of
Liverani [L]. This approach was generalised by Viana whose book [V] contains an
accessible exposition of the techniques of Hilbert-Birkhoff cone theory and their
applications to dynamics.

Essentially, one can construct (Hilbert) metrics with respect to which the
transfer operator is a contraction. This then allows one to obtain the invariant
measure via a fixed point theorem rather than by a compactness argument from
which one can, for instance, directly deduce exponential decay of correlations. For
more on Hilbert-Birkhoff cone theory see [B], [L], [V].

We will begin by introducing the notions of a cone, the corresponding partial
ordering and Hilbert metric. We also remind ourselves of the cone which was used in
Chapter 4. From then on we will alternate between presenting the results for general
cones that satisfy some conditions, and proving that our particular choice of cone
satisfies the necessary conditions. As a result we will obtain all of the propositions
4.4.1,4.4.2, 4.4.4 and 4.4.5 that were employed in Chapter 4. In particular, firstly we
show that under a condition on the ‘diameter’ of the image of a cone under a linear
operator, the linear operator is a contraction with respect to the Hilbert metric.
This is followed by proving that our choice of cone and linear operator (some iterate
of the transfer operator) satisfies the necessary condition. Next we show that if we

equip the ambient vector space with norms that satisfy some conditions, then we can
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relate the norm of the difference of two appropriate functions to the Hilbert metric
distance between the two functions. (Moreoever by using the previous result this
will allow us to use the fact that the linear operator is contracting with respect to
the Hilbert metric to deduce how our norms behave under the linear operator). This
is followed by a proof that all the specific norms that were considered in Chapter 4
(llsos 1115 NI-ll0,1) satisfy the necessary condition.

Let V be a vector space. We say that a subset C' C V'\ {0} is a cone if for
all A >0 and f € C, then \f € C.

We say that a cone C' is convex if for all f,g € C' and Ay, Ay > 0, then the
sum A f + Aog € C.

We say that a cone C'is closed if the set C'U {0} is closed. We will assume
throughout that C' N —C = (.

Given a closed convex cone C C V, we can define an order relation < on V'
by

fRg & g—feCuU{0}.

Observe that the partial ordering < will always depend implicitly on the cone
we are working with. Moreover, the partial ordering is compatible with the vector
space structure, that is, multiplication by positive scalars and addition.

Then we can define a (Hilbert or projective) metric © on C by setting

a(f,g) = sup{t>0:(g—tf)(z) € C} =sup{t >0:1f X g}
B(f,9) = inf{s>0:sf—geC}=inf{s>0:9=<sf}

_ B(f.9)
@(f)g) - logoz(f,g)

where we take o = 0 and 8 = oo if the corresponding sets are empty.

We will now give a couple of examples of cones of functions, and their corre-
sponding Hilbert metrics.

The cone that we worked with in Section 4.4 was the set of non-negative
continuous functions on the interval, whose logarithms are Lipschitz with Lipschitz

constant less than a, that is,

Ca = {fecqon):f>0and fz) < f(y)}

where the parameter a > 0 is fixed. It is easy to check that C, is a convex cone.

By definition, a(f, g) is the supremum of all ¢ > 0 for which
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N

(a) (9—tf)(x) >0 for all » € [0,1], that is, t < 425

~

(b) % < el for all z,y € [0, 1]. Equivalently,

L < el*=vlg(y) — g(x)
edle=vlf(y) — f(x)

for all z,y € [0, 1].

In particular, this means that

g(z) el Vg(x) — g(y)
f(x) edlz=vl f(z) — f(y)

alf,9) = inf{

Similarly, we can obtain the expression

f(@) esl=vlf(z) — f(y)

DXL,y € [0,1],x7éy}.

) edT=Ylg(r) —
B(f.g9) = sup{g( ) 9(e) ~9W) tx,y € [071],x#y}

and then O(f,g) = log %.

Another cone of functions is the set of all non-negative continuous functions

on the interval, that is,

Cy = {f € C(0,1): f(a) > 0}.

Again, it is easy to check that this is a convex cone. We will denote its projective

metric by ©1 = log (%) In light of the above, it is easy to see that

s - {22}

(z)
bura) = sw{ 90
_ e P29 9@ f(y)
0x(09) = g g2 ) = towmup { ST s € 0.1}

We return back to the setting of a general cone C. Whenever one would

like to use cone theory to study the behaviour of a linear operator under some

chosen norm, one must first study the behaviour of the operator under the metric

O. It is not difficult to show that under mild conditions on the operator it will be

a contraction with respect to the metric ©. In particular, we adopt the following

general set up: let Vi, Vs be vector spaces and C; C V; be convex cones, where «,

Bi, ©; correspond to the relevant projective metric for C;. Let L : V3 — V5 be a
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linear operator such that L(C}) C Cs. Then

ai(f,g) = sup{t>0:g—1tf €Ci}
< sup{t>0:L(g—tf) € Ca}

sup{t > 0: L(g) —tL(f) € C1} = aa(L(f), L(g))

where the second line follows because L(C7) C Cs. analogously, we can also show
that 51(f,g) = P2(L(f),L(g)) for all f,g € Cy. Therefore

O2(L(f), L(g)) < ©1(f,9)-

However, in order for the contraction in © to yield useful results for norms
that we may wish to study, the contraction in © has to be strict. The following
classical result gives a sufficient condition for one to check whether an operator is
a strict contraction with respect to the metric ©. In particular, it tells us that if
L(C1) has finite diameter with respect to ©9, then L is a strict contraction. The

following result can be found in [V, Proposition 2.3].

Proposition A.0.9. Let Cp, Cq be as above and D = sup{©O2(Lf,Lg): f,g € C1}.
If D < oo then

O2(Lf, Lg) < (1 — e P)Os(f, 9)
for all f,g € Cy.

Proof. Without loss of generality, we can assume that «;(f,g) > 0 and 51(f, g) < oo
since otherwise we are done. Then there exist sequences t, — a1(f,g) and s, —
B1(f, g) such that g — t, f € C; and s, f — g € C; for all n € N. Thus, for all n > 1

©2(L(g — tnf), L(snf — g)) < D.

Therefore, there exist sequences (7;,) and (S,,) such that lim,,_ log % < D and

L(spf —g) —ToL(g —tnf) € Co (A.1)
SnL(g —tnf) — L(snf — g) € Co. (A2)

By linearity of L, (A.1) implies that (s, + t,T3,)L(f) — (1 + T,,)L(g) € C3 so that

Sp +tn T

B(LfLe) < 7

(A.3)
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and similarly (A.2) implies that

Sy + thSn

>

(A4)

Therefore,

O©2(Lf,Lg) <

10g(8n—|—tnTn' 1+ 5, >
1+T, Sn + tnSh

= log <in + Tn> —log(1+1T5,) — log <in + Sn> +log(1+ Sp)

log (%) eTdx edx
- /0 e +T, e*+5,

Sn T,
] N L
°g<tn> < S)

N

Letting n — oo, we see that

O2(Lf,Lg) < O1(f,9)(1 —e ).

O]

In order to save ourselves having to meddle with the definitions of the Hilbert
metric © when checking whether a linear operator L : C, — C, is a strict contraction,
the next result tells us that it is enough to just check that L(C,) C Cy, for some
0 < XA < 1. The following result can be found in [V, Proposition 2.5].

Proposition A.0.10. Let a > 0 and 0 < A < 1 be arbitrary. Define

D/\,a = Sup{®(f7g) : fag € C)\a}‘

Then
D= D)\’a < 00.
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Proof. Recall that

. _ g 9@) e g(n) —g(y) .
(h9) = f{fwrewﬂvw»—ﬂw"yemJL #y}
C ) 9@) e g(@) —g(y) .
B(f.g9) = p{f ) T ) ) DY [0, 1], #y}
ooy = w2
Bifrg) = sup{%))}
©+(f,9) = logsup {?((z))ﬁz; cx,y €10, 1]} .

We begin by showing that Dy, < sup{O(f,9) : f,g9 € C\o} + C, where C

is some constant that depends only on A.

Let f,g € Cyq.
e lg(@) —gly) _ gla) kvl — ekl
@) f(y) © f(e) e — el
> g9
> Ve

where K = inf{Z=2% : z > 1} € (0,1). So a(f,g) > Ko, (f,g). Similarly,

zZ—Zz

B(f,9) < LB+(f,g), where L = sup{z_z;A :z>1} € (1,00). Thus,

z—

s

(fvg) LB-F(f:g)
a(f,9) < log Kay(f,9)
= O4(f,9) +1ogL —log K.

O(f,g) = log

Now,

/8+<fvg)
a—l-(fa g)

= log su MM.Z‘
=log p{ﬂmg@>"yem‘@‘

@Jr(fa g) = log

But since f, g € Cxq,

(.CI}) < 6)\@|m—y\ < e

9(y)

f(y) < 6)\&|m—y\ < e

f(z)
for all z,y € [0,1]. Thus O, (f,g) < loge** = 2\a, which implies Dy, < 2\a +
log L —log K. O
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Let C; = Cy = C, and ©; = O2 = O be the corresponding Hilbert metric.
The above result tells us that if L(C,) C Cy, for some 0 < A < 1, then

sup{©(L(f),L(g)) : f,g € Ca} < Dy q < 00

and therefore, in light of Proposition A.0.9, L is a strict contraction with respect
to ©. Therefore, checking whether an operator is a ©-contraction now reduces to
proving results in the style of Lemmas 4.4.7 and 4.4.9.

Again, we return to the setting of a general cone C'. Suppose C' C V', where
V is a vector space equipped with some norm ||-||. Given that one has established
that a linear operator is a strict contraction with respect to some Hilbert metric O,
we need a tool that will let us use the contraction in © to control the norm ||| of
functions that belong to the cone. The following classical result in [L] tells us that

under some hypothesis on ||-||, we can control ||f — g|| by O(f,g) for f,g € C.

Proposition A.0.11. Let ||-|| be a norm on V, C C V be a convex cone which

induces the partial ordering =< and suppose that for all f,g € V,

—f=2g=f = lgl <IfIl

Then given any f,g € C for which ||f|| = ||lgll,

1 = gll < (V9 =) £].

We won’t prove this result directly, but instead we’ll state and prove a slight
generalisation of this result, which we used several times in Section 4.4. Clearly, if
we fix C =1 and [|-|1 = ||-]]2 = ||-|| in what follows, we recover Proposition A.0.11.
Note also that the condition on ||-||; could also be relaxed, and a similar conclusion

would follow. The proof of the following result is an adaptation of [L, Lemma 1.3].

Proposition A.0.12. Let ||-||1, ||||2 be two norms on V' and let C C V be a convex
cone which induces the partial ordering <. Suppose there exists C > 1 such that for
all f,geV

—f=2g9=f = lglh<lflh
lgllz < C|[fll2-
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Then given any f,g € C for which ||f|1 = |91,

If = gllz < C*(®V9 = 1)| £z

Proof. Denote o = «a(f,g) and § = S(f,g) where a and 8 are the usual objects
related to the projective metric ©. In particular, we know that ©(f, g) = log (g)
where af < g and g =< Sf. So in particular

—9=20=2af =2y
so that ||g||1 = «||f|l1. Since ||f]]1 = ||g|/1 this implies that o < 1. analogously,

—Bf20=2g=2Bf

so that B fll1 > lglls, that is, 6> 1.
Moreover, by the assumption on ||-||2, this means that || f|2 < %||g||2
Using the fact that o < 1 and 8 > 1, we obtain that

—B-a)f2(a-1f2g-f2B-1Df2(B-a)f
which implies that

lg— 7l < (8- a)Clfle <2

OOV —1)|gl2.

«
gl

N

O]

In Propositions A.0.11 and A.0.12, it was important that the norms that
we were working with had the property that if f and g were functions for which
—f =g = f, then we had some control over ||g|| in terms of ||f||. In particular, we

wanted there to exist some C > 1 for which

—f=2g9=f = lgl<Clfl

Thus, the natural question arises: what norms satisfy some version of this
hypothesis?
In Section 4.4 we used Proposition A.0.12 in various places, in the setting

C = C, and the norms ||||ec, ||I-||z1 and [|-[[o,1. Therefore, we now prove that these
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norms have the property (A.5) (with C' =1 for ||| and [|||;1 and C' =1+ a for
l|I-[lo,1) in the specific setting that C' = C,. The following result is similar to [B,

Lemma 2.2].

Proposition A.0.13. Let < be the partial ordering induced by the cone C, for some
a > 0. Let m be a probability measure on [0,1] and L' = L*(m). Then

—f=2g9=2f = [9lloo < 1 flloo
gl < Il
gllon < (a+ 1) f

<
<

lo,1-

Proof. Let —f < g < f. By assumption, f — g, f + g € C,. By the positivity
assumption in the definition of C,, it follows that f > ¢g and f > —g. Therefore, it
immediately follows that || f|lco = ||gllcc and || f|lz1 = |lgllr1-

Therefore, it remains to show that ||g|lo1 < (@ + 1)|f]lo,1. We will do this
by showing that [g]1 < a||f|lcc. To this end, let z,y € [0,1] such that g(z) > g(y).
Using the fact that f — g, f + g € C, we know that

f) —gly) < (f(z)— g(x))eY
< (f(y) + g(y))erl=vl.

Adding these inequalities together and rearranging, we obtain

(e 4 1)(g(x) — g(v)) < (f(2) + f(y) (e —1)

that is,
€a|$—y| —1

9(@) = g(y) < (f@) + 1) oy

: 61 5
Since 25+1 < g forall 6 >0,

9(@) = 9(y) < (F@@) + FW)5la — vl

so that

g(r) — g(y) <a (f(w) + f(y)

o8 ) < alf .

Since we chose = and y arbitrarily with the only restriction being that g(x) > g(y),
this implies [g]1 < afl o
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Therefore,

lgllo.r = [gl1 + llg9llec < (@ + D[ flloc < (a+1)[|fllo,1-
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Appendix B

Proof of Lemma 3.5.4

In this appendix we restate Lemma 3.5.4 with some additional detail and prove this
result. Recall that Lemma 3.5.4 was concerned with bounding the dimension of a
measure pp where p € Py and p; was ‘close to 1’. In particular, we considered
p1 > &, where £ was an undisclosed constant belonging to the unit interval.

We begin by giving an explicit value for £. Recall that z; = II((1)*°). Let ¢

denote
¢ =log|T"(z1)|

and observe that ¢ > 0 (this is always true when 77 < 0, and in the case where
T" > 0 this is a consequence of our assumptions on the map in Theorem 3.3.1).
Then we define

¢ = exp (-Z’Eg) € (0,1). (B.1)

As we discussed in Chapter 3.1, the proof of Lemma 3.5.4 is a simplified
version of the arguments presented in Chapter 2.12, owing to the fact that at each
stage of the proof of Theorem 3.5.3 we had to get uniform bounds for the quantities
being studied which held for all p belonging to the general class P.. On the other
hand, if we consider p € Py where p; has a ‘good’ lower bound, these arguments
can be simplified.

In particular, to prove this lemma we will make estimates on the integral
i fg,tdﬂp,t for t € [%, %] Then by following the proof of Theorem 4.6.3 we will
be able to complete the proof. As in Chapter 2.12, in order to estimate the integral
i f;tduw from below, we need to make estimates on the ergodic sum of a chosen
periodic point and the measure of an appropriate cylinder about that periodic point.

Since we know that p; is large, it makes sense to choose z1 to be our periodic point.
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For the measure of the cylinder we utilise Lemma 4.5.2 and 4.2.8 (to calculate the
size of the cylinder required).

We are now ready to state and prove a refinement of Lemma 3.5.4.

Lemma B.0.14. Let p € Py \ P, with p1 > &. Then

. 3/1-s\%w
dlmup§1—8< 1 ) 7

for some constant uniform constant w > 0, where L is given in Lemma 4.6.2.

Proof. Let i € ¥ be the symbolic coding of zj, i.e. z; = II(i). Fix some p that
satisfies the assumptions. We follow the approach outlined in Lemma 4.2.6. Let

te [1—?, 1751, We begin by obtaining an estimate of the form

2
x c . .
[ Pauitn > Gitpolliin) (B2)

for each t, where ¢ will be a lower bound on fp ;(21) and m will be sufficiently large
so that fm(:p) > g forall x € Z;y 4,
Recall that

foa(21) = =B, (t) 1og |T'(21)] + log p1 = =B, (t)¢ + log pr.

Since p € Py, pp has dimension dim pp > 258132, so that

S 28—{—2'
s+ 3

Therefore, since p; > £ it follows that

¢

fp,t(21)>(28+2 S+1>C:S+1

s+3 s+3 s+3

for all ¢ € [0, 132]. This gives us the value of ¢ = zi—éc in (B.2).

Next we estimate the measure of an arbitrary cylinder [i;...3,] which contains
z1 = II(i). By Lemma 4.5.2,

_1 gtn
¢ (IT"(z1) - - - T'(T"=1(21))])Pe®

_ e (—Cn (j;t ; 6p(t)>> > OV exp(—Cn)

ppt(Ziy. i) =
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where the last inequality is because

s+1
Ty )<t <1
513 + Bp(t) + Bp(t)

by convexity of fp.
Next, by Lemma 4.2.8, [fp’t]Aq < % for all ¢t € [%5, 172]. By following

the proof of Lemma 4.2.6, we see that

~ 1 /s+1 2 _
/fg,tdﬂp,t Z 1 <s+3<> C 1exp(—§m) = w

where m is large enough so that % < %i—ég

Finally, by following the proof of Lemma 4.6.3, we see that for all ¢ €

[%7 %]a g(t) P % and

dim pp <1 —

ool W
VR
—
1
v
N~~~
no
€
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Appendix C

Proof of Proposition 6.2.12

In this appendix we prove Proposition 6.2.12, which verifies the exact dimension-
ality of 71 (1), mo(p2), m1(pe), m2(p1) and the links between their exact dimensions.
Although these ideas fit into the framework of graph-directed self-similar systems
(see for instance [F5]), we do not need to introduce this concept in order to prove
the required results.

Define the maps g; : [0,1] — [0,1] by gi(z) = a;x + 7'2-(1) for 1 <i < d and
gi(x) = bi_qx + 7(221 if d4 1 < i < 2d. Define the projection II : ¥4 — R by

T0() = (1) 94, (0,1])
n=1

which is well-defined since we assumed that the matrices A; were contracting and
each map S; in our iterated function system mapped the unit square to itself. Then

upon inspection, we see that for i € 3

m1(1(1)) = (7 (1)) (C.1)
and

mo(11(1)) = I(w(i)) (C2)

where 71 denotes the projection to the x co-ordinate and ms denotes the projection
to the y co-ordinate. This is essentially equivalent to the observation that was
discussed before and after Example 6.2.4.

We claim that the measures II(m;) and II(mg) are exact dimensional. To
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see this, observe that these measures are supported on the set

U N0 c U N g 0.1]) (C3)

i€x 4 n=1 i€Syy n=1

where Y94 denotes the full shift on 2d symbols and so the set on the right hand side
of (C.3) is a self-similar set.
Consider my; o ﬁfl as a measure on Y4 and denote this by mj. Also let

I Y9q — R be the projection onto the self-similar set
o
— .
I (i) = () g, ([0, 1]).
n=1

Since m; is an invariant ergodic measure on X, it is straightforward to show that
m} is also invariant and ergodic for the full shift. Then by Theorem 6.1.1, ﬁ/(mé)
is exact dimensional and therefore by the relationship between the pairs my, m; and
I, T it immediately follows that II(m;) is also exact dimensional, completing the

claim. We are now ready to prove Proposition 6.2.12.

Proof of Proposition 6.2.12. By the above discussion, we know that the measures
TI(m1) and II(ms2) are exact dimensional.

The measures 71 (u1) and ma(u2) are both absolutely continuous with respect
to I(m1) and 71 (u2) and mo(u1) are both absolutely continuous with respect to
V= mioro(moell)™ =
mioro(llor) ™ =mjororto o' < my o (II)~! = TI(my), where the third

equality follows by (C.1) and the absolute continuity is because 7 is injective but

TI(ms2). To see this, notice that 71 (1) = myoroll ton

not surjective. Similarly, mo(u2) = maoT oIl ! o 71'51 =mgoTo(moll)™! =
maooto(Tlow) ™t = mQOTowfloﬁ_l = mlowoufloﬁ_1 < mio(I)~! = T(m;) where
the third equality follows by (C.2), the fifth by (6.8) and the absolute continuity is
because w is injective but not surjective. The other two cases follow similarly.

Finally the result follows by Proposition 2.3.1. O
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